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VOLUMES ALREADY ISSUED. 


PROCEEDINGS oS 


OF THE 


LONDON MATHEMATICAL SOCIETY. 


VORA AL 


SIXTEENTH SHSSION, 1879-80. 
November 18th, 1879. 


ANNUAL Gonnrat Munna, held at 22, Albemarle Street. 
C. W. MERRIFIELD, Hsq., F.R.S., President in the Chair. 


The Treasurer (S. Roberts, Esq., F.R.S.) read his Report, which, 
on the motion of Mr. Terry, seconded by Lieut.-Col. J. R. Campbell, 
was accepted. 

At the request of the Chairman, Mr. R. F. Scott consented to act as 
Auditor. 

The Secretaries’ Report was read and adopted. 

From the Report of the Secretaries, it appeared that the number of 
Members during the past Session had increased from 137 to 141, and 
that the Society had lost by death Prof. W. K. Clifford, F.R.S., Sir 
John George Shaw Lefevre, F.R.S., and Prof. J. Clerk Maxwell, 
F.R.S. 

The communications made to the Society during the past Session 
had been as follows :— 

“On the Instability of Jets :” Lord Rayleigh, F.R.S. 

“‘On Self-strained Frames of Six joints :” Prof. Crofton, F.R.S. 

“On Equivalent Statements, (iii.):” Mr. H. McColl. 

“Qn Forms of Numbers determined by Continued Fractions :” 

Mr. S. Roberts, F.R.S. 
“A Graphic Construction of the Powers of a Linear Substitution :” 
Prince Camille de Polignac. | 
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“On a Theorem in Elliptic Functions :” Prof. Cayley, F.R.S. 

“ Coefficients of Induction and Capacity of two Electrified Spheres :” 
Prof. A. G. Greenhill, M.A. 

“On certain Systems of Partial Differential Equations of the First 
Order with several Dependent Variables :” Mr. H. W. Lloyd 
Tanner, M.A. 

“On the number of Conics which satisfy Five Independent Condi- 
tions:’? M. Halphen. 

*¢On a Modular Equation, and on the Formula for Four Abelian Funec- 
tions answering to the Formula for Four Theta Functions :” 
Prof. H. J. 8S. Smith, F.R.S. 

*‘@uaternion Proof of Minding’s Theorem :” Mr. J. J. Walker, M.A. 

“On Differential Equations, Total and Partial ; and on a new soluble 
class of the first and an exceptional case of the second :” Sir J. 
Cockle, F.R.S. 

“Discussion of Two Double Series arising from the Number of 
Terms in Determinants of certain Forms:” Mr. J. D. H. Dick- 
son, M.A. 

“ Notes on Quantics of Alternate Numbers, used as a means for 
determining the Invariants and Covariants of Quantics in 
general :” the late Prof. Clifford, F.R.S. 

“On the Complex whose lines join Conjugate Points of two Corre- 
lative Planes:” Dr. Hirst, F.R.S. 

“Ona Theorem relating to conformable Figures :” Prof. Cayley, 
¥.R.S. 

“Method of Constructing, by Pure Analysis, Functions X, Y, &ec., 
which possess the property that { XYdo = 0, and such that any 
given Function can be expanded in the form aX+6Y+yZ+...:” 
Mr. Routh, F.R.S. 

“The Numerical Calculation of a Class of Determinants, and a Con- 
tinued Fraction :’’ Mr. J. D. H. Dickson, M.A. 

“Notes on the Reduction of a System of Forces and on Plane 
Curves :”’ Mr. J. J. Walker, M.A. 

“ Notes on Determinants of nm Dimensions :” Mr. Lloyd Tanner, M.A. 

‘On Chifford’s Graphs, and on the Twenty-one Coordinates of a 
Conic in Space:” Dr. Spottiswoode, P.R.S. 

“Déduction de différents Théort’mes Géométriques d’un seul 
Principe Algébrique:” Dr. H. G. Zeuthen. 


Besides the above, several minor communications were made to the 
Society. 

Cartes-de-visite likenesses of Mr. C. W. Merrifield, F.R.S., President, 
and of Mr. 8. Roberts, F.R.S., Treasurer, had been presented to the 
‘Society’s Album. 
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The same Journals had been subscribed for as in the preceding 
Session. 

The following additions had been made to the number of Journals 
for which the Society exchanges its Proceedings :— 

“The American Journal of Pure and Applied Mathematics ;” Balti- 
more. 

“ Archives Néerlandaises des Sciences exactes et naturelles, pub- 
liées par la Société Hollandaise des Sciences 4 Harlem ;’” La Haye. 

“ Beiblatter zu den Annalen der Physik und Chemie;” Leipzig. 


The Meeting then proceeded to the election of the New Council. 
The Scrutators (Messrs. Lloyd Tanner and McAlister), having examined 
the balloting lists, declared the following gentlemen duly elected :— 

President, C. W. Merrifield, F.R.S.; Vice-Presidents, Prof. Cayley, 
F.R.S., and Lord Rayleigh, F.R.S.; Treasurer, S. Roberts, F.R.S. ; 
Honorary Secretaries, M. Jenkins, M.A., and R. Tucker, M.A.; other 
Members, J. W. L. Glaisher, F.R.S., H. Hart, M.A., Dr. Henrici, 
F.R.S., Dr. Hirst, F.R.S., Dr. Hopkinson, F.R.S., A. B. Kempe, 
B.A., C. Leudesdorf, M.A., H. W. Lloyd Tanner, M.A., H. M. Taylor, 
M.A., and J. J. Walker, M.A. 

The President briefly alluded to the losses the Society had sustained 
in the past Session by the deaths of Prof. Clifford, Sir J. G@. Shaw 
Lefevre, and Prof. J. Clerk Maxwell. 

A vote of thanks was passed to Mrs. Clifford for the present of four 
volumes from her late husband’s library. 

Mr. R. C. Rowe, B.A., was elected a Member of the Society. 


The following communications were made to the Society :— 

“On the Binomial Equation #—1=0; Trisection and Quarti- 
section: Prof. Cayley. 

“On Cubic Determinants and other Determinants of Higher Class, 
and on Determinants of Alternate Numbers :” Mr. R. F. Scott. 

“On a Problem of Fibonacci’s:” Mr. 8. Roberts. 

“‘ Notes on a Class of Definite Integrals:” Mr. T. R. Terry. 


The following presents were received :— 

“* Monatsbericht,” Juli, August, 1879. 

“ Beiblitter za den Annalen der Physik und Chemie,” Leipzig, 1879, 
Band iii., Stiick ii. 

“‘Nautical Almanac” for 1883: from Lords Commissioners of 
Admiralty. 

“Cours de Géométrie descriptive de Ecole Polytechnique, compre- 
nant les éléments de la Géométrie Cinématique,” par A, Mannheim ; 
Paris, 1880: from the Author. 

“ Washington Observations for 1871.” Appendix i.—“ Zones of 
Stars observed at the United States Naval Observatory with the 
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Meridian Circle in the years 1847, 1848, and 1849; Washington, 
1873. 

“Washington Observations for 1869.” Appendix ii.—‘‘ Zones of 
Stars observed .... with the Mural Circle, in the years 1846—1849,” 
(2 copies) ; Washington, 1872. 

“Washington Observations for 1872.” Appendix i. Tables of 
Instrumental Constants and Corrections for the Reduction of Transit 
Observations made at the United States Naval Observatory ;”’ Washing- 
ton, 1873. 

“Washington Observations for 1870.” Appendix iiii—“ On the 
Right Ascension of the Equatorial Fundamental Stars, and the Correc- 
tions necessary to reduce the Right Ascensions of different Catalogues 
to a mean Homogeneous System,’ by Simon Newcomb; Washing- 
ton, 1872. 

“Washington Observations for 1870.’ Appendix i.‘ Report on 
the Difference of Longitude between Washington and St. Lewis,” by 
Prof. W. Harkness ; Washington, 1872. 

“ Washington Observations for 1872.’’ Appendix ii.—‘‘ Report on 
the Difference of Longitude between Washington and Detroit, 
' Michigan; Carlin, Nevada; and Austin, Nevada,” by J. R. Eastman; 
Washington, 1879. 

“Washington Observations for 1868.” Appendix i.— A Catalogue 
of 1963 Stars, and of 290 Double Stars observed by the United States 
Naval Astronomical Expedition to the Southern Hemisphere, during 
the years 1850—1852.” 


On the Binomial Equation «—-1=0; Trisection and 
Quartisection. By Pror. Cayiry. 


[Read November 13th, 1879.] 


The solution of the binomial equation «?—1 = 0, p a prime number, 
or, say rather, the equation 
wPltgP-2 totl = 0, 
depends upon the Jacobian function ‘ 
Fa =a az’ ... taP-2g7 


where g is a prime root of p, a any root whatever of the equation + 
w'—]=0, Taking ea factor of p—1, and f for the complementary 
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factor (that is, p—l1=ef), then, if for a we write a’, or, what is the 
same thing, taking a’, =, a root of u’—1=0, we have 


Fp moe X + BX, a oh. “FD =X 1, 
where X,, X,....X,. denote each of them a period or sum of f, = rae 
€ 


roots, Viz., Soe —a Cl ee amen 0 ae) 
be —_ (9°, Oita wee gir). 


Le i (Ota ipo an gh") 


) (f-l)e 
(read X, = a'+a" ... +29 


We have, of course, f'(1), = X,+X, ... + X,_;, the sum of all the 
roots =—1; and, further, the general property that any rational and 
integral function of these periods is expressible as a sum 


HGH Es Gen NR le 


, and so for the other functions). 


with known coefficients Gide a. 


The several cases e = 2, 3, 4,... may be termed those of the bisec- 
tion, trisection, quartisection, &c., of the equation; viz., 


e = 2, there are two periods, X, Y, and Ff (—1) = x—Y; 
e = 3, three periods, X, Y, Z,and Py =X+yY+y¥Z, if yisa 
root of w—l1=0; 


e = 4, four periods, X, Y, Z, W, and Fo = X+6Y+0Z+06W, if 
© be a root of wA—1= 0. 


It is sufficient to attend to the prime roots y and 6 of the equations 
w—l1=0, uiA—1=0, respectively; for, if y or 6 be =1, we have 
simply #'(1), =—1; and ifd be =—1, then the function is F'(—1), 
= X+Z—(Y+W), where X+Z and Y+W are the periods for the 
bisection. The prime roots 6 are of course 7 and —7, and we have 

FQ) =X+1Y-Z-iW, 
F(—1) = X-—iY—Z+iW, 
respectively. Ar 

As regards the bisection, it is known that (X—Y)?=(-—) ‘ P 
(=+p or —p, according-as p is =1 or 8, mod. 4), and the values of 
X, Y are thus determined. In what follows, I consider the cases e=8 
and e=4: of the trisection and the quartisection respectively. 

It is to be remembered that, not. the division into periods, but the 

-order of the periods, depends on the choice of g, a prime root at pleasure 
of p; and, in what follows, I select the prime root used in Reuschle’s 
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“Tafeln complexer Primzahlen welche aus Wurzeln der Hinheit 
gebildet sind” (4°, Berlin, 1875): viz., these are 


p = 8, 5, 7, 11, 18, 17, 19, 28, 29, 81, 87, 41, 43, 47, 53, 

59, 61, 67, 71, 78, 79, 88, 89, 97, 
g= 2,2,5, 2, 2, 8, 2,—2, 2, (8; 2, 6 8) 1008: 

2.2, 2.62. 8, 8.) Shaggnam 


where I quote the whole series, although I am here only concerned 
with the values of p which are =1 (mod. 3), or =1 (mod. 4). 

The periods are consequently those of Reuschle, viz., X, Y, Z are 
his 1), %, and X, Y, Z, W his m, , 7, 9,: they can of course, with- 
out referring to his work, be easily recalculated, but it is, I think, con- 
venient to have for his values of g the series of residues such as are 
given (for differently selected values of g) in Jacobi’s “ Canon Arith- 
meticus” (4°, Berlin, 1839); and I have accordingly taken out of 
Reuschle, and annex, such a table. 

For instance, p=138, the powers of g are 1, 9, 4, 8, 3, 6, 12, 11, 9, 
5, 10, 7; and, ee writing these down in order in columns of 3 or of 4, 


Leg Soul aemeoee) Rs ae 
Pn SP A ee 2D ae 
A Ove Bay 4 12 10 

sk Bt Way ier 


we have the periods X, Y, Z or X, Y, Z, W, belonging to the trisec- 
tion and the quartisection of p=13. 

I further remark that the equations which I am concerned with are 
all given in Reuschle, but in a somewhat different form; thus, p=13, 
quartisection (see p. 13), he has 


1, =m+2m, mn = rm Lie te, NN. = 3+ +5, Nos = —1—m, 


(where observe that here and in every case the value of »)n; is ab once 
obtained from that of ,», by a mere cyclical interchange of the suf- 
fixes, so that the last equation is in fact superfluous) ; the other equa- 
tions, using 4)+7,+7,+7, =—1 to eliminate any constant term 
which occurs, give my 


KA= (0, 1) BO) CRA ae 
A Vat (eile el any OMe ad ait 7 ); 
XB (8, 2/3, 9) (a 


Similarly, : in the case of a trisection, the equation for 7, is super- 

fluous, and the other equations give my values of X? and XY. 
pene gives also, and I take from him, the cubic and quartic 

equations (such as p= 18, n°+n?—4n+1= 0, nt+n°+2n?—4n +38 = 0), 
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which determine the periods in the trisections and quartisections re- 
spectively. 

Many of the results obtained accord with, and furnish exemplifications 
of general theorems contained in Jacobi’s memoir, “Ueber die Kreis- 
theilung und ihre Anwendung auf die Zahlentheorie,”—Crelle, t. xxx. 
(1846), pp. 166-189. 


Trisection, e= 3; p=1 (mod. 3). 
We have three periods X, Y, 7; and we thence obtain 
PEGA AH (OO AID pe 
XY=(%9h)( » ); 


the coefficients a, b, ¢, f, g, h being determinate integers. And, by 
cyclical interchanges, we obtain equations which may be written 


Xiao chee DMI Cy 
Vein manera dyes 
Tan Use Can: 
XY=f; 9; h, 
Vga het pds 
VDA es ay A 


viz., here and elsewhere the coefficients a, b,c are written to denote 
the sum aX+bY+cZ. It is easy to see that 


ftgth =1(p—l); 

in fact, a period contains 4(p—1) terms, and in two consecutive 
periods X, Y, there are no terms the product of which is unity; hence 
XY contains }(p—1)’? terms, each a power of a, and the sum 
XY+YZ+ZX contains } (7-1)? such terms, being in fact the sum 
X+Y+Z taken +(p—1) times; whence the relation in question. 

Hence also YZ+ZX4+XY =—i(p-l). 

From the equation X+Y+2Z=-—1, multiplying by X, and for 
X?, XY, XZ substituting their values, we obtain an expression 

(a+f+g+l1) X+(6+94+h) Y+(e+h+f) Z, 


which must identically vanish ; viz., the three coefficients must be each 
of them = 0; or we must have 

ai cde em ood 

b=-—g—h, 

c =—h-f; 
so that, taking f, g, h as known, the other coefficients a, b, ¢ are given 
in terms of these. The equations give 


at+b+eo=—2(f+gth)—l. 
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We have X.YZ= Y-ZX; that is, X(h, f, 9) = Y(g, h, f); or, 
substituting for X°, XY, &c. their values, 
h(a, 6 c)= gh, gy, *) 
+£A 9 hb) +h(e, a, 2) 
+99, h, f) +f (A, S; 9) 
that is, aht+f? +9 = of +ch+fh, 
bh+fg +gh = g taht+f", 
ch+fh+fg = gh+bh+fa, 
equations which reduce themselves to the single equation 
gh+hft+foth=fP+ge+h; 
and this is the only relation obtainable by consideration of the three 
equal values X.YZ, Y.ZX, Z.XY. Moreover, this equation being 
satisfied, the six functions in the three equations become each of them 
= fg—l’; or we have 
XYZ = (fg —h, fo—l', fg—l) ; 
that is, XYZ = h?—fg. 
We have Fy. Fy = X°+Y°+77—-YZ—-ZX—XY 
= (a+b+c—f—g—h) (X+Y+Z) 
= —(atb+e)+(ftgth) 
that is, Fy .F/ =p. 
We have, moreover, 
(yy X*+2YZ+y(Z+2XY) +7? (¥7+2ZX) 
ae L(a, 6, ec) +2 (h, f, 9)] 
+y [(4 ¢ a)+2(h, 9, h)] 
+7'[(¢, a, 6) +2 (g, h, f)], 
which is = {(a+2h)+y(6+2f)+y’ (c+29)} (X+7°Y+yZ), 


as is at once seen by comparing the coefficients of X, Y, Z respectively. 


Hence, writing a+2h+y(b+2f)+y’ (c+29) 
= at2h+y (b+2f)—(1+y) (c+29) 
=A+By, 
we have A = a+2h—c—2g = 3h—397-1 
B= b+2f—c—2g = 3f—39. 


We have (Fy)? = (A+By) Fy’), 
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and thence, writing y’ for y, 
(Fy)? = (A+ By’) Fy, 
equations which give 
Fy. Py, =p, = (A+By) (A+By); 
or, say p= A°—AB+B’; viz., p has the complex factor 
A+By, = 3h—39—1+y (8f-39). 


Hence also (Fy i =p(A+By), 
(Fy’)’ = p(A+By'), 
and, as before, Fy. Fy’ =p; 


which equations determine Fy, Fy’, and from these and F'(1) = —1 
we obtain the periods X, Y, Z; we have thus, in fact, the solution of 
the cubic equation which gives these periods. We have already found 
the coefficients of this cubic equation, viz., 


X4+Y+Z=-1, Y7Z+ZX4+XY=-1(p-1), XYZ=h_-fy; 
the equation thus is 
n+n—+t (p—l) n+ (f9—-l) = 0. 


As already remarked, the values of a, b, c; f, 9, h, and the equations in 
n, are in effect given in Reuschle; the complex factors of p, as given 
p. 1 (7 = 2y—3y’, &e.), when reduced to the form A+ By, are not 
identical with the A+ By of the foregoing theory; viz., this A+By is 
not Reuschle’s selected primary form. I give, in the annexed table for 
the primes 7, 13... to 97, the values from Reuschle of a, b, ¢; f, 9, h, 
and of the coefficients of the y-equatien; also the values of A and B 
derived from f, g, h by the foregoing formule. It will be seen that all 
the values are consistent with the theory. 


10 
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Lage in 
Reuschle, 


————————oe 


a | 


a | | 


a I | | 


—_—S. | ————— | | |) eee eee 


—_—_—— |__| nn nn 


rr a 
——— 


a | rr | 


ee 
me a a sf 


| || | 


P f, 
7 | —-2 
1 
13 | —4 
1 
19 |; —4 
1 
31} —7 
4. 
37 | —8 
5 
43 |—1l1 
6 
61 |—14 
5 
67 |—16 
$] 
73 |—16 
6 
79 |—20 
9 
97 |—20 
10 


b, c 
Legh 
0 it 
—3 —2 
2 1 
—5 —4 
2 3 
—6 —8 
2 4 
—10 —7 
4A. 3 
—8 —10 
4, 4, 
—13 —15 
8 7 
—13 —16 
6 7 
—18 —15 
9 9 
—17 —16 
10 7 
—23 —22 


m+n? + 

Pe 
yp al 
—4 —l 
—6 —7 
—10 —8 
—12 lil 
—14 8 
—20 —9 
— 22 i) 
—24 —27 
—26 Al 
—382 —79 


A B 
ODEs 
nh aes 
Des 
5 6 
sas 
alee 
ae as 
D4 0 
sib Se 
ha ay et 
We) 
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Quartisection, e = 4, p= 1 (mod. 4). 
We have four periods X, Y, Z, W, and we obtain 
rer) (CNY ee) 
XY = (fF, 9 h, &) ( ees 
XZ = (I, m, l, m) ( ; \e 


the coefficients being determinate integers. It can be shown that 
1+m=+ (p—1) or —1(38p+]) according as p =1 or 5 (mod. 8). And 
then, by cyclical interchanges, 

DE mens ME Yh 

VL Ae 

Vintec Ges .8 Ds 

Se aa Ae 

EXE VG mmot rom Qs.) ibs. 1 

VAR eek ad, i, ° 

okwemm ey acioe gg 

XO ed pet, Vf, 

D7 A ed Pee 

YW =m, l, m, l. 


We have, in like manner as for the trisection, 
Stgtht+k=1(p-])), 
and so also the expression for 
2XY, = XY+XZ+XW+Y7Z+YW+2ZW 
is =— (f+gtht+kt+l+m) =—i(p—1)-l-m; 


and, in virtue of the foregoing value of /+m, this is =—3(p—1) 
or 1(p+8) according as p = 1 or 5 (mod. 8). 


Again, from the equation X+Y+Z+W=-—1, multiplying by X 


and reducing, a=—1-—f—g-—l, 
ie —g—h—m, 
oc —h—k—l, 
d= —k—f—m, 


and thence a+b+ce+d =—1—2(f+g+ht+h)—2 (1+m), 
and a—b+c—d =—1+42(m—l). 
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We have X.YZ=Y.ZX = Z.XY, that is, 
X (k, fy 9; h) a Y (J, m, l, m) — Zh, g, h, k), 
and thence 
ke (a,°0, 10,40.) =. 0 fed, By ok) es 
+79; hk) im (d,ea, 0) 0) eg Ces cae 
+g(l, m,l,m) +1 (kh, f, 9, h) +h(c, d, a,b) 
+h(g,h,k,f) +m(ml, mt) +h(h, kh, fy 9), 


that is, hat+f? +91 +gh = Uf+mdt+lk+m =Ilf +gk+ch +kh, 
kb+fgo+tgmt+h? = lgtamtlf+ml = fmtfg +hd+F, 
ke+fh+gl +hk = lh+mb+lg+m = fl +9? +ah+ihyf, 
kd+fk+gm+fh = kl+me+lht+ln = fn+gh+bh+ gh, 


in which equations a, b, c, d may be regarded as having their foregoing 
values. 
One of these equations is 


4 ko+fht+gl+hk = lf+9?+aht+hkf, 
that is, —k (h+k+)D+fh+githk = lf+9—h(f+gt+l4+) +h, 
or, reducing, 1(g+th—f—k) = 9?+h—2hf—hg —ht+hy, 


which gives /. 
Again, another equation is 


kb+fotgm+h? = fmtfgthdt+h’, 
that is, —k(gt+h+m)+fgot+tgm+h? = fnt+fg—h (k+ft+m) +?, 
or, reducing, m(gth—f—k) = h—h’+gk—hf, 
which gives m. 
And we have also 
md +lk+m? = gk+ch+kh, 
that is, —m (k+f+m)t+lhk+m = gk +kh—h (h+k+1), 
or, reducing, L(k+h)—m (f+k) = gk—l’. 
Substituting herein for J, m their values, we have 
(K+h) [po + —2hf—hg +hf—h]—(f+h) [P—-V+gk—hf] 
+ (W—gk) [g+h—f—k] = 0. 


In this equation the only terms of the second order are —h (h+k), 
which contain the factor h; the terms of the third order contain this 
same factor h, and throwing it out, and reducing, the equation is found 


to be (g—k)?+(h-f) =h+k, 
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or, as it may also be written, 
+h —2hf-h+ (V+fe—2gk—k) = 0; 
and the foregoing values of J, m are 
_ (P+? —2hf —h)— (gh—lf) 
gth—k—f 
—h+gk—hf . 
gth—k—f 


and by means of these three equations all the foregoing equations ~ 
satisfied. 


We have F(t) F(?°) = (X—Z)?+(Y—W)’ 
= X°+ Y°+774+ W?—2(X7+ YW) 
=— (a+b+ce+a)+2 (+m) ; 


m = 


or, substituting for a, b, c, d, this is 
= 1+2 (f+gt+th+h)+4(i+m), 
viz., 1t is = $(pt+1)4+4(l4+m); 


or, substituting for /+-m its before-mentioned value, then, according as 
p=1 or 5 (mod. 8), the value is = p or —p; that is, we have 


p-1 
FQ) F@)=(—-)* p. 
Again, we have 
(Ft)? = (X+1Y—Z—-iW)’ 
= X°-Y7+ 7?—W?-2X7+2YW 
+21 (XY—YZ+ ZW—WX) 
= a—b+ce—d4+2(m—1) +2 (f—gt+h—k)i} (X-Y+Z—W) 
(A+ B2) C1), 
where A=a—b+c—d+2(m—l), =—1+4(m—)), 
re 2(f—gt+h—k) ; 
or, since X—Y+Z—W = F'(—1), this equation is 
(Fi)? = (A+ Bi) F(—1), 
and similarly (Fey = (A—Bi) F(—1). 


Moreover, [F(-1)P= (-)* p, =p; 
and we have therefore 
(+ p)? = (A4?4+ B’) p, that is, 2°+B? =p; 


or the expression A+.61 determined as above is a complex factor of p. 
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We may investigate the quartic equation for the determination of 
the periods X, Y, Z, W. The values of X+Y+Z+W and 
XY+XZ+XW+YZ+YW+ZW are already known: for the next 
coefficient XYZ+ XYW+XZW+YZW, we have XYZ = (a, f, y, 9), 
where each of the coefficients a, 8, y, 6 is given under three different 
forms: the values of YZW, ZWX, WXY are (0, a, B, y), (y, 6, a, B), 
(6, y, 6, a); and the required sum therefore is ' 


(a+S+y+0)(X+¥+Z+W), =—(atBht+y+?). 
Taking the first expressions of these coefficients respectively, we have 
at+tB+ytéd= k(at+b+c4+d) 
+f(ftgtht+k) 
+29 (l-+m) 
+h(f+tg+thtk), 
= k{—1—} (p—1)—2 +m) }+(f+h) {2 (p—l)} +29 +m), 
= 2 (g—k) (l+m)+14(f+h) (p—1)—3k (pt+]1). 


We find XYZW most readily as the product of XZ and YW; we 
thus obtain 


XYZW = Im (X°+- Y°+ 77+ W*?4+2X7+2YW) 
+(?+m’*) (XY+XW+YZ+ZW), 
= ln (—a—b—c—d—21—2m)—(P +m’) (f+g+tht+h), 
= Im{1+2(f+g+th+k)}—(?+m’) (f+g+hth); 
or, substituting for f+g+h+k its value + (p—1), this is 
im—3 (Im) (p—1), = } {(L-+-m)*—(—m)*p}. 
Hence the required equation, roots X, Y, Z, W, is 
n+ 1? 
—7’ {4 (p—1)+l+m} 
+n {i (fth)(p—-Y—sk (ptl)+2g—k)Ul+m)} 
+ln—}(l—m)’ (p—1) 
— OR 


where, for the sake of having a single formula, I have retained /+m 
in place of its value =— 3(p—1) or $(p+38) according as p=1 or 
5 (mod. 8). 
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We thus have the following :— 
TABLE FOR THE QUARTISECTION. 
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On Cubic Determinants and other Determinants of Higher Class, 
RTA IDS 


and on Determinants of Alternate Numbers. 


Scorr, M.A. 
[Read Nov. 13th, 1879.] 


1. Determinants with three or more suffixes have as yet received 
little attention in England. So far as I know, the only recent memoir 
relating to them is one by Mr. H. W. Lloyd Tanner, “‘ Proceedings of 
London Mathematical Society,” x:, p. 167 (1879). 


VOL. XI.—No. 157. Cc 


The functions 
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were originally considered by Prof. Cayley as sums of determinants, in 
his memoir “On the Theory of Determinants,” “‘ Cambridge Philoso- 
phical Transactions,” viii., p. 75 (1849). 

On the Continent the literature of the subject is as follows :— 

A. Armenante, “Sui determinanti cubici,” “Giornale di Mathematiche, ”’ 
vi., p. 175 (1866). 

H. Padova, “ Sui determinanti cubici, zbid.” (1868). 

A. de Gasparis, “ Sopra due teoremi dei determinanti a tre indici ed 
un altra maniera di formazione de gli elementi di un determinante ad 
m indici,” ‘‘Rendiconti dell’ Accad. delle Scienze fis. e mat. di Napoli,” 
vii., p. 118 (1868). 

In the last two memoirs it is stated that a professor at the Univer- 
sity of Naples, concealing his name under the anagram Jean Blaise 
Grandpas, laid the foundation of a theory of determinants with three 
suffixes, in a pamphlet entitled, “‘ Sur les déterminants dont les éléments 
ont plusieurs indices ” (1861).* 

G. Zehfuss, ‘Ueber eine Erweiterung des Begriffes der Determi- 
nanten.” Frankfurt a. M. (1868). 

G. Garbiert, “ Determinanti formati di elementi con un numero 
qualunque d’indici,” “ Giornale,” xv., p. 89 (1875). 

There is also a memoir by Dahlander, “‘Om en klass funktioner 
hvilka ega flera egenskaper analoga med determinanternes ” (Ofvers. af 
K. Vet. Akad. Foérh., 1863, p. 800), which I have not seen. 

I propose in the present memoir to show how the representation of 
an ordinary determinant by means of a product of Grassmann’s “ Alter- 
nate Numbers,’+ can be extended to cubic determinants and other 
determinants of higher class. 


2. If we have n*® elements with three suffixes, such as 
an (,9,k 31,2 ....0) 
we may arrange them in the form of a cube at the intersections of three 
sets of rectangular planes. Taking, then, the principal diagonal of 


elements LEMS | Prt Ausyil | here EMRE RE erence (tT); 


we can form from it a cubic determinant as follows :— 
In the term (1) permutate the second and third suffixes in all possible 
ways, and give to each term the sign corresponding to the sum of the 





* It has been pointed out to me that this was probably de Gasparis himself 
(Annibale de Gasparis). 

t Inotice that Mr. Spottiswoode (‘ Proceedings of London Mathematical Society,” 
vil., p. 100) refers to this representation as ‘‘ Hankel’s Fundamental Theorem.” 
The theorem is, however, due to Grassmann, and is given by him, “ Die Ausdehnungs- 
lehre,” p. 37 (1862). I have not seen his earlier work of 1844. 


f/ 
j/ 
f/ 

v/ 
4 
4\ 
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number of inversions in the series of second and third suffixes. The 
sum of all the {n!}* terms thus formed is called a cubic determinant. 

I shall suppose that the series of elements which have the same first 
suffix stand in the same horizontal plane, and, for brevity, call these 
planes strata. 


Let Ge Cart Ben 


Ey) €g -0+ Eny 


be two independent sets of alternate units of the n™ order. Then, with 
the elements in the 7™ stratum of the cubic determinant, we can form 
the lineo-linear function of these numbers: 


Ayn Cy ej = Wija ey €5 aie se ae Qiin ey En 
H ing Cy &y + Wing Cp €g +... F Gian C2 Ens 
+. 

a Win} Cn Ey a 9 Aina Cn Eo ts oe > Hinn Cn Ens 


There will be » such functions corresponding to the nm strata of the 
determinant ; the product of these n functions is the cubic determinant. 
This is evident as soon as stated, for, owing to the properties of alternate 
_ numbers, no term can occur having two second or two third suffixes 
alike, and when the products of the units are brought to the orders 


€; &y eee Ens €, €5 ee Ens 


each term will have its proper sign. As usual, the product of all the 
units of a set in a definite order, is taken equal to unity. 


3. We are now in a position to represent a determinant of elements 
with any number of suffixes by a like product. I shall calla determi- 
nant of elements with p suffixes, one of the p™ class. Thus ordinary 
determinants are determinants of the second class, a determinant of 
the first class consists of a single element. 

A determinant of the p™ class and n™ order consists of n’ elements, 
which it is convenient to consider as arranged in a rectangular 
paralleloschemon of p dimensions, at the intersections of p systems of 
mutually perpendicular planes. Its representation as a product of 
alternate numbers is obtained by forming, with all the elements having 
the same first suffix 7 (these lie in the same rectangular paralleloschemon 
of p—1 dimensions), a function linear in p—1 independent sets of 
alternate units of order x. 

For. the determinant of the fourth class, for example, using the 
umbral notation, the sum for the elements standing in the 7" cube is 


p> (ijkl) ej Ex Vy 


where j, /, / take all the values 1, 2...”. The determinant is equal to 


the product of these sums for the values 1, 2 ... n of a. 
C2 
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4, Wegan readily evaluate some special forms of cubic determinants, 
and others of higher class, by means of this representation. For 
example, if in a cubic determinant all the elements of the 7 stratum 
are equal to a,, except that in the principal diagonal of the cube, which 


is equal to x,, so that De = Ay Digg = 2, 
then the value of the determinant is given by 
D =I [a,HEH’+ (a#,—a,) e;], 
where H= etegt... Fen, 
H=etet+... te. 
Since 7, H’ are alternate numbers, all their powers vanish ; and if 
W = (&—,) (_— My) ... (n—Gn)s 
iD) = wha, +a et. +0, 5 


As another example of the same kind, let all the elements in the i™ 
stratum be equal to a,, except those which lie in the principal diagonal 
of the stratum itself, these n elements being equal to v7. Thenthe value . 


of the determinant is D=TII[(a#,—a;) F+a;HE’'], 
where H, H’ have their previous meanings, and 
Fe= ee tegegt... Fe, €y. 


Now, binary products of alternate units, such as the terms of F, are 
‘concurrent numbers,” and clearly 


Meh ER abel ia ma ME 


Hence Dan! \uta ota +. +a, Sb. 
dit day Ax, 

It is clear that the first of these two theorems holds for determinants 
of all classes, and is, in fact, the generalisation of Sardi’s theorem for 
ordinary determinants; viz., 

V1) Ag, Ag aoe = uta, + tay, 

Ly day, 
at he Wiles oss 


Ay, Ag, Vy vee 


(‘Un teorema su’ Determinanti,” Giornale, vi., p. 357). 


The second theorem, however, holds only for determinants whose 
class is odd, if we except determinants of the second class, which are, 
in some respects, sui generis. For example, for the determinant of the 
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fourth class, in which all the elements in the 7 cube are a,, except those 
in its principal diagonal, which are 2, 


D = {(«,—a;) F+a;E,H,E;}, 
EH, —— Citres st Ons iy — Core ercls Ons His — van ehanyre 
ii Cy © 91 + Cy Cy Ng HT ove FEn En Mne 


Ternary products of alternate units, such as the terms of F’, are alternate 
numbers ; hence all powers of F' vanish, as do also those of H,, H,, E,; 
hence the determinant vanishes. 

The following additional examples are of a different kind. The 
value of the cubic determinant D, whose elements are given by 


hij, =ATA+h, Ai = 0, 


is 


(—1)" D — 1—n—23 (a;— a)" 


oF ay a, ees Ay a; Oy, 
That whose elements are given by 


Aj, = cos(a;tat+a,), au = 0, 


ines 088 (ut a) sin! (a =) 
COS 3A, COS 3g ... COS BA, COS 34; COS 3a, é 


where 2, & are all duads from 1, 2... n. 


5. Returning to cubic determinants, we can represent the cubic 
determinant by either of the products 


TT (051 €, + Big eg + .-. + Din en), 

TH (6, €; +0, +... +Cin€n)s 
where Di, = Wire y+ inn €g+ ... + Bink Eng 
‘ Cin = Wig Oy + Wins gH 0. TF Wikn Ene 


From the first form we see that, by interchanging two strata, the 
determinant undergoes a change of sign, as belonging to the system e; 
from the second, that it undergoes achange of sign, as belonging to the 
system e. ‘Thus interchanging two strata leaves the determinant 
unaltered. 

Interchanging a pair of planes of either of the other systems is 
equivalent to interchanging two units of the system e or e, and hence 
changes the sign of the determinant. 

For a determinant of class p, we should see that interchanging two 
suffixes of a system which is permutated, changes the sign of the 
determinant; but the interchange of two of the fixed suffixes introduces 
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p—1 changes of sign, and hence leaves the determinant unaltered if 
p is odd. 

If all the strata of a cubic determinant become identical, we may 
suppress the first suffix, and regard the determinant as formed by 


repeating the array Gree ie 


Qn +++ anny tad 
n times. The determinant is then equal to 


(e¢,4,;+e,4,+...+0,A,)”, 


where A; = 6, $6 +... $y. 
And this =! ee, 5. e, +A, A,%!. A, 
=n! ay eee Mn 
Gy s/e\e ann 








Similarly, if all systems of elements of a determinant of order », which 
have the same first suffix, become identical, the determinant reduces to 


n! X determinant of next lower class, 


if the original determinant was of odd class, but vanishes if its class 
was even. 


6. A cubic determinant of order » is the sum of n! ordinary deter- 
minants of order x. For, taking the second representation of Art. 5, 


A= | a | 
a § | (C41 €y + Cj €y + tee + Cin€n)- 


And this product gives the ordinary determinant 


| ca | 


whose elements are alternate numbers of the n™ order. To split this 
determinant up into others with simple elements, we must take a 
partial column from each column of the determinant; but if we take a 
partial column in the p™ place from one column, we must not take a 
partial column in the p™ place from any other column, for then e, would 
occur twice, and the corresponding determinant would vanish. Hence 
each selection of partial columns must have for the suffixes of its units 
a permutation of 1,2... ”. There are w! such, and as many determi- 


nants. Hence A= |ayw |, 


where, in the determinant on the right, & is put in brackets to remind 
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us that, though it varies from one column to another, in the same 
determinant it remains fixed, while 1, 7 take all values from 1, 2 ... n. 


7. The product of two ordinary determinants of order n can be 
represented as a cubic determinant of order n._ For, let 


gee on oO ate ee a, 

Babee | tn, Dy een, 
be the determinants, where 

A; = ay €; +4 ¢,+ Baltes 

B,; = b+ dine t+... + Din en- 
Then A coal A sb: 


the general term in the product A; B; is 


ij bix Ej CK 5 
or, if Caz = ai; Bits 
we see that AB= | ey | (0,9, 4.= 1, 2 ....0). 


By multiplying A; and B; together, we avoid any change of sign 
arising from inversion of the units e or e among themselves. If we 
allow for the change of sign, we get numerous other representations of 
the product AB in the form of a cubic determinant. 


8. The product of a cubic determinant A whose elements are 4j,;,, 
and of an ordinary determinant B whose elements are b;,, can be repre- 
sented either as a determinant of the fourth class whose elements are’ 


given by Cyne = Ay, Di, 
or as a cubic determinant whose elements are given by 
Ci, = bi, Wing + b j2 Ving + --- = Din Wikns 


To prove the first part of this theorem, we have only to express the 
determinants in the form of products, viz., 


etl en io Bes 
therefore AB = ItA,B;,, 
and the general term in the product on the right is 
Chzy, bi Cj € Me 


i 


Thus AB = | om | (3,4 11,2... n). 
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For the second part of the theorem, we have 
& 
C=T (Cin €,0, FC € 6 +... TCin€1 en 
+ Ciny Ey ey + Cige €5 C4 + eee + Cign €, Cy, 
+... 

+ Ciny En ey = Cing En €, t coe = Cinn En En 
=U (Gin Bye, + Gig B, Gg cinoue nein Ds. 
Fay Bye, + ing By ey + 4 + Gian By en 


Toads 
ar Qing Neh ey -+- Ding B,, € + pee “5 Ginn B,, Cn)s 
where B; — by€,+ Dis €,+ cee + oy ae 


Since the alternate numbers B; follow the same laws as the units, the 
last product is the representation of the determinant A by means of 
the numbers ¢, ... é,, B,... B,; and hence 
C= Meee. Leos 
—q Nef 


9. Exactly similar reasoning shows that the product of two cubic 
determinants A and B, whose elements are a, and b;;,, both of order n, 
can be represented as a determinant of class five and order n, whose 


elements are given by Ciport == ing Vies 3 
or as a determinant of class four and order, whose elements are given 
by Cooys Ha edhe Cee ee ts eae a 


And, in general, for two determinants of the same order. The product 
of two determinants of classes p and g, whose elements are 


Cij...ky bs. 


respectively, can be represented either as a determinant of class 
p+q—1, whose elements are given by 


Cijkuvins —— Vj.k Dis ies 
or as a determinant of class p+ q—2, whose elements are given by 


Cj..ktt...8 — Day... ee (i = Ay neh N). 


10. The product of any number of determinants can also be repre- 
sented as a determinant. For example, the product of the three deter- 


minants A=|a,|, B=|ba|, C=|cal @ 4=1,2...n) 
can be represented by the determinant of the fourth class 


\(paqr)| @pgar=1,2... 0), 
where (ip qr) — Qin big Cir 
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And, in general, the product of x determinants of order and 
classes p, g, 7 ..., can be represented as a determinant of order » and 


class ptqtrt+...—#+l1. 
11. For two pairs of points in astraight line, we have the well-known 
relation AB.CD+AC.DB+AD.BC=0. 
To which we can give the form 
| Aer a eer A eG Ep 
BO, BD 
or, for two sets of three points, A, B, C; D, H, F, we have 
A ALL eA Beh at Oe 
BD, BH, BF 
CD, CH, OF 


This is really identical with the former equation, as we see by expanding 
with regard to the elements of the first row. Also, if 


Ur, Ug eeeg 


Viy Vy eee 


be two sets of binary quantics, and if J;, is the Jacobian of u; and », 
we see, by compounding the arrays 


diy dt ong 21 Oy 





dx’ dy dy’ de’ 
Aig dy dy __dvs 
da’ dy dy’ da’ 
that In, J, dis | = 9, 
Jn; J9, Ji 
J15 Js) J 
d sr Css 
Jy Ix |= ae . . ae ae 
Jy Say in hy 








I propose to establish some general theorems, of which these are 
particular cases. 


12. If three sets, each of three points, are given in a plane, and each 
set of points numbered 1, 2,3; then 


Ain 


is taken to mean the area of the triangle formed by the three points, 
¢ of the first, 7 of the second, and & of the third system. This being so, 


the cubic determinant | Asx | 
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vanishes. For we know that it changes sign if we interchange two 
second or two third suffixes, and hence vanishes identically if these 
coincide, but does not change sign if we interchange two first suffixes. 
It follows that the determinant contains as factors A, and A,, the areas 
of the triangles formed by the second and third systems of points; and 
the consideration of dimension shows that the remaining factor is 
independent of these two systems. 

Now, if we interchange the second and third systems of points, we 
only change the sign of each element of the determinant without 
altering its value (the triangles ABC and ACB being supposed of equal 
magnitude but opposite signs) ; this alteration changes the sign of the 
determinant, but only alters the order of the factors A, and A,. Hence 
the determinant must vanish. Hence, for three systems of points in a 


plane, [An}=0 (é,j,4=1, 2, 8). 


13. Four sets of points in space being numbered in like manner, we 
can form a determinant of the fourth class with the volumes of the 
tetrahedra obtained by taking a point from each system. The volume 
of the tetrahedron formed by the points 7, j,k, of the four systems 


being denoted by Vijna 
I shall show that 
| Vina = — 4! VV V5 V4 (2, J, k, i if 2, 3, 4), 


where V;, Vz, V3, V, are the volumes of the tetrahedron formed by the 
points of each system separately. 

For our determinant, being of even class, changes sign if we inter- 
change any two points in one of the systems, and hence vanishes if two 
points of the same system coincide. Hence it must be divisible by the 


product ViV2VsVi, 
and is equal to this multiplied by a numerical factor. 

To determine the factor, let all the systems coincide with the first. 
Then, if we consider the expression for the determinant as a product 
of alternate numbers, the first factor will be 

Viiin CE; Nk, 
where i, j, k is a permutation of 2, 3, 4. 

If, then, the volume of the tetrahedron formed by the four points be 

denoted by V, this first factor is 
. V | ey Og & | = V (284). 
Cae 6! £4 


Nor 3, 4 
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And the value of the determinant is given by 
D= V* (284) (841) (412) (128) 
=— 4! /%, 


by a theorem of Clifford’s, given by Mr. Spottiswoode, “ Proceedings 
of London Mathematical Society,” Vol. vii., p. 112. 


14. There is no difficulty in extending the theorems of Arts. 12 and 
13 to any number of dimensions, regarded either as algebraic theorems 
or as geometric relations. We can, in fact, enuntiate the general 


theorem. If TERT OE AE 


are p determinants of class 2 (7.e., ordinary determinants), and if 


denotes the ordinary determinant obtained by taking for its first row 
the 7 row of D,, for its second the j“ row of D,, &c., then the deter- 
minant of class p and order p, 


Opel engi. uke = 15285. p), 


vanishes if p is odd, but if p is even and greater than 2, its value is 
—p! D,D, ... Dp. 


By allowing the identity for 2p+1 points to degrade, by supposing all 
the points of the first system to coincide, while all the points of the 
other systems lie in the same space of 2p—l1 dimensions, we get 
another relation for magnitudes of odd dimensions. 

For example, if, in the relation of Art. 12, all the points of the first 
system coincide, the determinant by Art. 5 reduces to six times the 
ordinary determinant 


(111), (112), (118) | = 0. 
(121), (122), (128) 
(131), (132), (133) 


If we allow the points of the first system to coincide with one of the 

vertices of the fundamental triangle, while the points of the other 

systems lie on the opposite side, we regain the relation of Art. 11. 
Similarly, for five sets of points in four-dimensional space, we have 


| (p, 9 7, u,v) | = 9. 
Now, let all the points of the first system coincide, while the other four 


sets of five points are taken in the same space of three dimensions, 
and we get the new relation 


tase (q, tr, u,v = 1, 2.., 9) 
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between the volumes of the tetrahedra formed by four systems, each 
of five points. 

If our determinants, instead of representing the volumes of geometric 
figures, are taken to represent other magnitudes, we get numerous 
other theorems. For example, for three systems of straight lines 
passing through the same point, if 


sin (7k) 
is the sine of the solid angle formed by the lines 7,j,% of the three 
systems, | ein (27%) "OP 4, 9 fe 
For three sets of ternary quantics | 
Ghi5 dale eee ' 
O15 Ua vel 
We Aa hare 
if T(i, j,k) = ieee i ee 
then L2G, 9, 0) | =O a ee ale 


and so on. 


15. Mr. Spottiswoode (J. c.) has given some theorems concerning 
determinants of alternate numbers, incorporating with his own re- 
searches some of the late Professor Clifford. In the determinants 
there considered, the elements are simple alternate numbers ; the 
general theorem of the preceding article can be regarded as a theorem 
concerning determinants whose elements are products of alternate 
numbers. Then, in fact, PDA RR oS BE: 
stand for p sets, each of p alternate numbers, belonging to the same 
system of units of the p™ order, and the elements (7,7 ... k) of our 
determinant are products formed by selecting factors from each of 
these p sets. This leads us to consider determinants whose elements 
are, binary, ternary, &c., products of alternate numbers, belonging to 
independent systems. 

Let yay sure, 


B,, Bs, Bs Nod 


be two independent systems of alternate numbers of the n™ order. 
Then the determinant 


(a; 8,); (a9), (a, 85) --. 
(a,(,), (a, (4), (a5) tee 
(a;(,), (as), (a; (35) see 
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vanishes if its order is oreater than 2; but if its order is equal to n, its 
value is HON lr fate) One fy ate [dae 


The first part is evident, for each term of the determinant will contain 
a product of more than ~ numbers of the same system, and hence 
vanishes. For the second part, consider the term 


(4,2) (4,89) (a56,) «--5 
or Teese bly JOR Oh ese a 
the sign of this term is (—1)*, where & is the number of inversions in 
the permutation ies esas 2 


but if we alter the order of the factors so as to bring this to the order 
1, 2,3 ..., we introduce / changes of sign; thus all the terms are 
positive, and the theorem follows. 

For the three independent systems of the n™ order 


G1, Aq, Ag --+y 
B,, Ba, [3s OT) 
Yi Yor Ya eee 
the cubic determinant whose elements are 
(4; 3; vx) 
vanishes, if its order is greater than n; but if it is of the n™ order, its 
value is Sau th ueer ea (3594. ad Vy Vaiss Yan 
and so on for determinants of higher class. 
If the alternate numbers are the factors of the ordinary determinants 


A=|ay|, B=| bx, C= |cx |, 


we obtain new representations for the products AB, ABC, &c. 


Notes on a Class of Definite Integrals. By the Rev. T. R. Terry, 
M.A., Fellow of Magdalen College, Oxford. 


[Read Nov. 13th, 1879.] 
1. The integrals considered in the following paper are of the forms 
[ cos px dx [ sin”? x da 


, (l—2a cos a+a*)” : , (l—24 cos aw a7)ntP? 


where p is a positive integer, and n any real quantity, positive or nega- 
tive, integral or fractional. 
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The values of these integrals, when a>1, may be readily deduced 
from the values when a<1. It is sufficient, therefore, to consider the ~ 
case when a<1. For the sake of brevity, write 


A= 1—2acos#+a’. 
2. Ina paper in the “Journal de 1l’Ecole Polytechnique,” tom, x., 
; SI” ae 
: Ne 
differential equation which it satisfies, has shown that 


7 Bin” wae | (1—a?)i+m=2" " sin” w da 
Ne ed a 
0 


> 
Altm-n 
0 


Poisson has considered the integral | , and, by means of the 


where the only restriction on m and n is that m+1 must be positive. 
The following proof of this theorem is a simple extension of the 
method used in the solution of one of Mr. Ferrers’ questions in the 
“Solutions of Cambridge Problems and Riders for 1878” (pp. 
114, 115). | 
Let O be the centre of a circle whose radius is unity, and A a fixed 
point within it, PAP’ any chord through A. 


LietiOA = 7..POA = 0,.b Ameen 
A= PA? = 1—2a cos 6+a’, 
_ = PA’? = 1—2acos¢+a’, 
then AA’= (1—a’)’. 


If the chord PAP turns through a small 
angle, so as to come into the position 
pAp’, we have 





| eet 
d@ = Pp, dp =— Py’, also p= Eq ~" : 








therefore dod = — = do. 





Again, if perpendiculars be drawn from P and P’ on OA, 


sin 6 __ perp. from P _ PA _ 1—d’ 
sing perp.fromP PA A’ 














Hence, by substituting, and integrating between limits 0 to 7 for 0, 
which correspond respectively to limits z to 0 for ¢, we have 


fs sin” 6 d0 —_ (1 a Ae yao a sin” 1) dd 
; (1—2a COS 6+.a°)” : (1l—2a cos f+ a")i+m-"? 








which is the required result. It is clear that m+1 must be positive, 
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otherwise each integral would become infinite. The theorem is true 
if m=), and it is this particular case which is proved in the “ Solu- 
tions”’ above referred to. 


3. In Bertrand’s “ Calcul Intégral,” pp. 178, 174, it is proved that 





” ge “2p (2p)! [7° 
@? (cos #) sin” « da = Bari ® (cos v) cos px da, 
- Dp 
0 0 


where p is any positive integer, ® (cosz) any function of cos#, and 
©’ (cos z) its p™ differential with respect to cosa. This theorem, as is 
weil-known, is due to Jacobi (‘“ Crelle,”’ Bd. xv., p. 3). 


4, Let us now consider the expansion 
Av" = A,+2A,cos#+...+2A, cos pet+..., 


where is any real quantity, and p any positive integer. 

Then (‘‘ Gauss, Werke,”’ Bd. iii., pp. 128, 129) A, may be expressed 
in four ways by means of the hypergeometric series. 

First, if r= cose+iésina, we have 


A = (1—ar)-" (l—ar")"; 
hence, expanding and equating coefficients of cos px, we get 
A, — UNE aad eed a’ F \n+p, N, o+l, a’}. 
, p! 
Secondly, by putting 
1 n 
A" => ——— 3]— - ie 

(i+a')" (iat) } 


and proceeding as before, we have 


(ieee (n+1)... @+p—1) a? 








p! (1+a’)"*? 
2 
F ag) ntp+i 4a ; 
2 15 ape LAA San my 


Thirdly, by putting 
a 1 \ ip 
al +a)” ane Ge 
n (n+l)... (m+p—1) a? 


onze 


r pet 
Was RY ? 


we have A, = 


p! (1+a)*"*”” 
( 2n+1 Aa 
gi ena Le eae 
* aes are 2o-+1, (ay 
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Fourthly, by putting 


mat oak 1 a A p-h\2 ne 
Marche awe. 


we have A, BEAM AL) Tce lae tap mel) a? 





20+1 —4a 
xE{ntp, “Pt, p+, ae 


If —n is a positive integer less than p, then obviously A,=0. Now, 
multiplying both sides of the expression by cospz, and integrating 
with respect to # from 0 to z, we have 


i) cos pe de = 9 Ay cidade eee 


0 
5. In Jacobi’s theorem, put ® (cosz) = A~”, then 


©? (cos 7) = Ae Ela (2a)?. 


[We may notice in passing that, if —n is a positive integer less than 
p, the right-hand side of this equation vanishes. | 


Hence, by means of (1), we have 











[ sin? ede 21) Op)) oS ee (2), 
Tete (2a)? 2?.p! n(m+1)... (n+p—1) 
gears Fi{n-bo, n, p+lyatt Jicsc lh. (ans 
Saar ee te, 2n+1, ae oy CRP 
=F pr Tae Bee onal oe Dey 


6. We must first consider the case in which the proof of the formula 
(2) fails, 7.e., when —n is a positive integer <p. As the resulting 
formule have no critical values in this case, and as, by giving suitable 
values to m, we may make —mz approach as near as we please on 
either side to any positive integer <p, we see, by the principle of con- 
tinuity, that the formule must be true also in this case. 
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A rigorous proof may be given as follows :— 
By Poisson’s theorem, we have 


| sin”? ada _ (1— a?) [ sin” a dx 
0 


A"+P APti-» 7 
0 


Since to the second integral the method certainly applies when —x is 
a positive integer < p, we have, by means of (2), 


i ae } 
Oo F{p+1—n, 1—n, p+1, ’}. 
: 


But Gauss has proved (Werke, Bd. iii., p. 209) that 
Hija, 8, y, 0} = 1-2)" F jy—BP, y—4, 7, 2}. 


* sin” a da me Cony ee 
Hence | ee a aly! , EF intp, n, p+, a*}, 


which is the required result. 


7. The four forms of the result (2) were obtained by using different 
expansions for the same expression. ‘Their equivalence may be proved 
directly. Kummer (“ Crelle,’’ Bd. xv., p. 78) has proved that 





a A hare Age ‘ 
F fa, 73.0 B+, wo} = (1+2)- “FS, 5) , a—B-+1, +2)? : 


and also = (1+ /2)~™ FS a, a—$+4, 2a—26+4+1, Tad ; 
and, by putting a=n+p, G=n, y=pt+l1, « =a’, we see that the 
first of the forms in (2) is equivalent to any of the others. 


8. Legendre (Hxerc., tom. 1, pp. 372-6) has considered the integrals 


fp | == Cee ali Cpa | A” cos pa da, 
0 0 
where p and n are positive integers. The first of these he evaluated 
by the method of induction, the second by expanding A” directly. The 
method used in the second case would have applied equally well to the 
first case. 


The values which he obtained are 


ro? (p+1)(p+2)... (p-+n—1) 








eo (lisa? ate 1.2... (n—1) 
n—1 ps deem —l EAGies ae —2) a iar 1)(n—p—2): 
fe” pt in GibGry to} 
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—1)... 1— 
era ey oe Ae 


Ba 7) 
nm pnp, n(n) 4 (m—p) (n—p—}) ; 
pes” GO) 2 


Thus, we see at once that 
Q,= e month) (on tp—) er {—ntp, —1, p+], by, 
p} 
which agrees with (1) when we write —z for in that formula. 
Again, 


n(n+1)...(n+p—-1 a? 
Bae eee ao 1a 


But, since (‘‘ Gauss, Werke,” Bd. iii., p. 209) 
F ia, B, Y> a} = Ct aa F {y—B, 72> Maes aw}, 


n(n+1)...(n+p—l) 
p! 


which also agrees with (1). 


F {1+p-—n, 1—n, p+], a}. 


we have P, =a 





a Fint+p,n, p+1, a}, 


9. We must next consider the formula given by Jacobi. In “Crelle,” 
Bd. xv., p. 11, Jacobi proved, by a rather long process, that 


[ sin?ade 1.3... (2p—1) 7 
0 

















AntP 2.4...2p,  (1—a’)* 
(n—1) a (n—2)(n—1)n(n+1) aa 
x f1ty (p+1) 1 1.2 (p+1)(p+2) ee 


The proof applies for all values of n, except = 4, which case he had 
discussed in the earlier part of the same paper. Using the hyper- 
geometric series, this result may be expressed in the form 


(2p)! T a 
nies oct Coawlal ne 


But Kummer has proved (“ Crelle,” Bd. xv., p. 52) that 
= Tein pai Bh. 
F{a, B, 7, e} = (1a) F {B, y—a, 7, 2}. 
Thus, Jacobi’s result becomes 
2 
Zeta} ihc hs To aa a}, 


which agrees with (2). 
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10. By integration by parts, we have 


“sin’?acosadx __2a(n+p) [* sin”*? edz. 
Atte 2p+ i! Arter ? 


0 


which, by (2), 


—2antp) (p42)! 
ery 2k Gel! @rpl epee 


me tp), . (2p)! 
oe eel. f I ol pl EF {n+p +1, n, p+2, Oats 


Note on a Problem of Fibonacci’s. By Samurt Roserts, F.R.S. 
[Read Nov. 13th, 1879. ] 


1. If the equations 
e+PyY=wv, 2-Py=v 
coexist in integers, + Py’? must be of the form 4ab(a’—b’), a and b 
being of different species, or of the form ab(a’—0’), a and b being 
of the same species. In fact, w~ and v are both even or both odd; and, 
if we write a+/ for vu, a—@G for v, then 
oe = a?+ 6H, Py’? = 28, 
and, putting a’—d’ for a, 2ab for B, we get 
a=at+b*, Py’ = 4ab(a?—0’), 
where a, b may be taken as of different species. On the other hand, if 
a, b are of the same species, x’, Py’, wv’, v” are all divisible by 4, so that 
Py”? = ab(a’—b’). Otherwise; supposing a, b to be of different species, 
we may write a’ for a+b, b’ for a—d, so that. 


, Ne) ay AA | 
Dy. — mei =07). o= (* +) tu (4 =~) ; 








afi bh? s__ pe 


a 
, v=ay— 
2 





w= ab + 
Another form is given by 
| P . 4e7y? = ut—v'; 
and, generally, taking a3’ (a*—(3*) for ab (a’—b*), it appears that 
Ayaan Oe 
a 


where gq? may or may not be the greatest square factor in a‘—*, and 
a, 2 are, as we please, of the same or different species. In this case, we 


D 2 
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have the identity 
4_ 4 
(at+ (3)? aa . 4026? , g — (a4— 644-2056")? 
fia 


the ambiguous signs being taken both plus or both minus. We do not, 
however, really limit the problem if we consider P as free from 
square factors, and a, b as prime to one another, and of different 
species. The form of P is then given by 


ab(—B*) = P)V?......00 (a), 


where V’ is the greatest square which is a factor of the left-hand 
expression. 

It is easy, therefore, to obtain an indefinite number of admissible 
values of P; but if we aim at obtaining primes, or the double of primes, 
the direct method becomes impracticable.* 

A more manageable rule, employed by Leonardo Fibonacci, consisted 
in making three of the numbers a, b,a—b, a+b, squares. This rule 
includes all admissible primes. I have thought it worth while to de- 
velope the analysis a little further than I find it carried in the work 
of Prof. Genocchi, referred to below, in order to narrow the field and 
obtain more frequent prime results. 


2. For prime values of P, the cases are as follows :— 
(1.) (=, b=, PLES a ee 
whence we have k= p’—q’, 1 =2pq; 


—<— 





* Professor Genocchi gives a full account, with further developments of Fibonacci’s 
investigations, in a memoir entitled, ‘‘ Sopra Tre Scritti inediti di Leonardo Pisano 
pubblicati da Baldasarre Boncompagni Note Analitiche’’ (Tortolini, Ann., Tom. 
vi., 1855). It appears that the “ Liber Quadratorum”’ of the Pisan Mathematician 
originated in his study of the system 27+5 = y?, a-6 = 2. 

Numbers of the form 4a) (a?—47), when @ and 6 are of different species, and 
ab (a*—b?), when a and 6 are of the same species, are termed by him congruous 
numbers ; and the connected rational squares are said to be congruent to them. Their 
theory is presented in an ingenious form, dependent on the theorem that the sum of 
consecutive odd numbers commencing with unity is a square. 

The general system of equations has been since treated of by Pacioli (the author 
of the first printed Algebra), Cossali, and others. Euler notices it briefly in his 
“¢ Algebra.’’ 

The evaluation of a, y, uw, v is easy, when P is known in the form of 
ab (a* — b*) bt: a,'— Bi 


DI 
a 


The difficulty of the problem consists in determining whether 


a given number P is admissible; or, as it may be stated, whether three rational 
squares in arithmetical progression can have P as their common difference. When 
one solution w, y, uv, v is known, an infinite number of other solutions can be found. 
Fibonacci, who wrote in the first half of the thirteenth century, gives the theorem 
that P cannot be a square; in other words, that the difference of two different fourth 
powers cannot be a square. 

I ought also to refer to a paper by M. Ed. Lucas, “‘ Recherches sur plusieurs 
ouvrages de Léonard de Pise et sur diverses questions d’Arithmétique Supérieure ”’ 
(Boncompagni, Bull. x., pp. 129—198, 289—293, 1877). The part of the memoir 
bearing on the present subject is, however, brief. M. Lucas shows how to obtain 
the systems of solutions (z, y, wu, v), exemplifying his method by the cases of P= 6, 
(Ri 6: . 
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and p—Pt2pq i + Pr’, ; 
p—F—2pq= +8". 


If p and q be taken negatively as well as positively, these equations 
comprise all the necessary forms. Moreover, we need only take s’ with 
the positive sign, because 


(p+q)?—2¢° — re na { ‘Gla ae = 4+ Pr 
(p—q)'=27 = #* (p+q)-2p? = 


are equivalent systems. 


Putting, then, s = 2°—?, which is its necessary form, we have 
s* = 2 (20+ wb ApP— (2+ wWrb4rp)’, 
and p = 24+ W42An, 
ptg =2+pb4nru ; 
the ambiguous signs being taken both positive or both negative. 
Consequently {2(A+p)—w P80? = + Pr’ Mae ee (A), 


# being odd, X odd or even, and A or u being taken negatively as well 
as positively. 
The form of P is 8a-1. 


If P is of the form 8a—1, we must have a negative result, so that, 


absolutely, 27+ w? < 2rAu {24 /2}, 
and ’ or » must be taken with a negative sign. 
Gris) ask, b=? P—-P = tm’, P42 = Pn’. 


Writing k = + p?, 1 = 2Xuy, or vice versd, we get 
(n+ p?)? 44d? = Otey Or ey = PH ee (B), 
A, » being of different species. 
The form of P is 8a+1. 
(IIT.) tie Oe PY ha =m". 
(1) —P*l* =m. This is equivalent to the original system; and if 
the derived equation belongs to the same case, we should now have 


b= Pl’, <i. Hence, by Fermat’s principle, we must arrive at one 
of the other cases. 


(2) Plt—kt =m. We write P?P = p?+¢, F = 2pq, and p=7', 
q = 28%. Then 44st = PP. 
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But we may now write (r—s)’+s’= Pr, 
(rts +i =7'; 
and we have two sub-cases ; namely, 


r+s=N—p?, s = 2rp, 


giving (2 — pw? — 4A) +47? SPP oe ecececseceee ees (C); 
and r+s= 2p, s=N—p’, 
giving 4 (—pw—Dy)? + (A2— p?)? = PE... cee eee cnc ees (D); 


where (C) gives P of the form 8a+1, and (D) gives it of the form 
8a+5, and includes all the admissible prime values of P of that form. 
We take A, p of opposite species, and positively or negatively. 

The cases are now exhausted, and it appears, as shown by Prof. 
Genocchi, that P cannot be a prime of the form 8a+3.* 


3. The formule arrived at are somewhat rich in primes for low values 
of X and p. As to the forms 8a+1, the results overlap, and the same 
values, e.g. 41, may satisfy (A), (B), and (C). 

I give a few results of the different formulee— 


iT A, ies 

1, —1, 7 

Lie Al ee 

1, —2,)0 BIb yee (A), 
1h Sood 

ay Sai 2 Val 

5 Seg ema 

pede, 2) Cale 

Saree. a3 | BAT ik (B), 
1 eA aaooG 
—2, , 1, “41 

cy aah ios see (C), 
O71 des 

te eel 

1, t—25 7109 

2, 8. O97) .s0.sste eee (D), 
Fe ene sy 4 

12, —1, 58 

8, —5, 61 


Numerous high primes appear in all the series for low values of A, p. 


* “ Note Analitiche,” p. 103, or Tortolini, vi., p. 315. 
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4, Having regard to the double of a prime, say 2P, we may write 26 
for b in (a), @ being odd and 6 odd or even. We then have the 


condition ab (a? —4b?) = +P.V*. 
The cases to be considered are 
i @—h, b=, i? +2? = m7, P—2P = 4 Pn’. 


Here / cannot be odd, and writing 
k= N—2y?, 1 = 2dp, 
we get Ne aie) Sen DA beet Pemaisaas <esns vetoes (A’), 


A being odd, and p odd or even. 
The forms of P are 8a. 


II. Gk, b=0, P-2P = m2, P+2P = Pri. 

Since / cannot be odd, we write & = ?+2u?, 1 = 2\p, 

and then (Ne Ae AON Pe ny. ccc ecdascieetent (B)). 
The form of P is 8a+1. 
Did: =i 6 = 0, 2P—P = m3, +2? = Pr’. 

Writing l= N+w, k=N—p?+2rp, 

we get (—p? + 2rp)? +2 (7+ pe??? = Pr? oe. cee cee eeeeee (C’), 


A, » being of opposite species, and being taken negatively and positively. 
The form of P is 8a+3. 


ce a=, b= PP, MAP i =m; 
and therefore #+42PP = 7, 2—2PP = 3, 


the original system as to form; and, therefore, by Fermat’s principle, we 
must arrive at one of the other cases, as in the analogous case of primes. 


iv. ee IE AP — bin 
is impossible, / being odd. 
VL Gabi 0 — 0, ht — 4 — am. 


Here / must be even, and we may write 
PR=pt¢?, 0 =p, p=, d=K;, 
giving Nom y timid of perserre OAT ee eee ere rer (D’), 


A, » being of opposite species, 
The form of P is 8a+1. 


VIL. Dime ekeeD =p PHA a7 
is an impossible case. 
From the foregoing results, it appears that P cannot be of the form 
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8a+5*, but may be of the form 8a+3, and these primes are included 
in one formula (C’) exclusively. 

Hence «*+P*y* in integers cannot be a square if P is a prime of 
form 8a+5. 


I give a few results of the different formule— 


ite Gis. 144 
1 1% 7 
1) ONT he (A’), 
3 lL! | 
7, 10, 31] 
ees aa 
Tu 9°13 1b ee (B), 
sy Ra bese 
ARE AO a eas 
ib ee} th 
laa: 3 f ris sete ed seulee hn (C’), 
3, —2, a) 
8, , 45 219 
LS sees 174 
D4, B87 Foose eesne cee stetceee (D’). 
tyne 


5. When P is a given prime of one of the possible forms, it is not 
easy to determine by a definite process whether it is admissible or not. 
If we can transform the system into another of obvious solution, or in- 
volving inconsistency of form, the question may be answered. Solu- 
tions obtained by forming tables of ‘“congruous quantities,’’ the 
differences of fourth powers, &c., are more or less accidental, and the 
formule I have given are, of course, open to the same objection. 

We may, however, employ these formule to determine the inadmissi- 
bility of certain primes, and for this purpose the forms of the results 
must be examined more closely. 





* For the case of P=5, see “‘ Note Analitiche,” p. 87, or Tortolini, vi., p. 299. 

I have found, however, since the above was written, that M. Genocchi has pub- 
lished the result as to primes of the form 8m +45 (‘‘ Comptes Rendus,” 1874, lxxviii., 
pp. 433-6), “Sur Vimpossibilité de quelques inégalités doubles.’’ ‘The author 
has considered also the product of two primes. Thus the product of two primes 
of form 8m+3, and the double of the product of two primes of form 8m+5, are 
alike inadmissible. The communication contains only the enunciations of results, 
and I do not know whether the proofs have been elsewhere given. 
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Let P be a prime of the form 8a+1, the equation (A) gives Pr* of 
the forms (8a—1)?—8 (26+1)? = 16¢+9, A odd, 
(8a+1)?—8 (28)? =16t+1, A even; 
for 2(\+:)?—p? is essentially positive under the condition 
[2A+p)'—p']’ > Bry". 
Let P = (8a+s)’—8h’, where s= +1 or +3, and 
| | = (p+2q°)—Sp'q? = (p>—29"). 
Then Pr* = [(8a +s) (p*+ 29") + 8kpg]’—8 [k (p* + 2¢") + (8a+s) pg]. 
If & is odd, we have the forms 
(Sa’+ 3s)?—8 (287), qgodd, A even, 
(8a +s)? —8(26’+ 1)’, ¢g even, A odd. 
The consistent values of s are +3 and —1, for 
(8a+s) (p+ 29°) + 8kpq 
is essentially positive for a positive. 
If & is even, the forms are 


(8a’+°3s)?—8 (26'+ 1)?, qodd, A odd, 
(8a’+ s)? —8 (2/3’)’, q even, A even. 


The consistent values of s are —3 and +1. 
And we have the following inconsistent and inadmissible forms of P :— 


(8a—3)?— 8 (2641)? = 1 (mod. 16), 
(Sa+1)?—8 (28+1)? = 9 (mod. 16), 
(8a+3)?—8 (23)?  =9 (mod. 16), 
(8a—1)?—8 (26)? =1 (mod. 16). 
Next, as to the formule (B) and (C) : 
The forms for (B) are 
(8a—8)?+16 (264+1)?, » = 2 (26+4+1), dA odd, 
(Sa+1)?+16 (2;2)’, pp = 40, d odd. 
In (C) the forms are 
(8a+3)?+16(264+1)?, p= 2(28+4+1), A odd, 
(8a + 1)?+16 (28), i, d odd. 
Now, if P= (8a+s)?+16%, Pn’ or Pt? may be written, if n’ or @? 
= (pi ta’)? = (p*+49")', 
{(8a+s) (p'—4q") + 16kpq' f+ 16 {i (p'—4g") + (Sats) pg’ 
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And if & be odd, the forms are 
(8a’ + 3s)? +16 (2(')’, gd odd, p’ even 
(8a’+ s)? +16 (28’+1), even, pw’ odd 
where real 
The consistent values of s are + 3 for (B) and (C). 
If & be even, the forms are 
(8a' + 3s)?+16(26'+ 1), g odd, pw’ odd 
(8a’+ s)? +16 (26)’, g even, p’ Sam ye 
The consistent forms of s are +1. 


R vvssereeeses(ay 


fae) E 


Hence, we have the inadmissible forms of P, 
(8a + 1)’+16 (26+41)’, 
(8a + 3)’+16 (28). 
Putting these results together, we get the following criteria for 
inadmissible forms of P :— 


P = (8a + 1)?+16 (28 + 1)? 
= (8a’ — 3)?— 8 (26'+ 1)?> = 1 (mod. 16), 
or = (8a”— 1)?— 8 (26”)? 


P=(8 + 8)?+16 (26) 
= (8a’ + 3)?— 8 (2/’)? = 9 (mod. 16). 
or = (8a”+ 1)?— 8 (2f'4+ 1) 
6. The forms of p’—2q° = 1 are, however, 
(Sa +1)°—8 (28) 
or (8a aa 3)°—8 (23+ Bye 
Hence any positive number P*—8Q? may be put into two forms 
(8a + s)? —8f?, 
(8a’+ 3s) —8,”, 
where s = + 1 and /,, ( are of different species. We may, therefore, 
omit one of the corresponding alternative forms in the above criteria. 
But, further, if a number of the form (8a-+1)?+16 (26+1)?, when 
the squares are relatively prime, is transformable into P’—8Q’, we 
cannot have the form (8a”+ 1)?—8 (28")?. 
For, then, (8a + 1)?+16 (2641)? = (8a” + 1)?—326”, 
64 (a’?—a’) +16 (a” a) = 16 (2641)?+826", 
(a”F a) [4 (a” a) +1] = (28-+1)+28"; 
and a” = a being odd, 4: (a”+ a)+1 is of the form 8n—3, and a”=a 


must be of the form 8m—1 or 8m—3. Now, a prime factor of these 
forms must enter squared, if at all; and then a”=+ a and 4(a”+a)+1, 
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and consequently 8a-- 1 and 8a”+ 1, must respectively contain such 
a factor in common with 26+1 and (’, contrary to supposition. 

Similarly, it may be shown that a number (8a +3)?+16 (26)? 
transformed into P*—8Q’ cannot be of the form (8a’— 8)’—8 (2/3')*, 
P and Q being relatively prime. And we may add, that 

(8a + 1)?+16 (26)? 

cannot be transformed into (8a”— 1)’—8 (2/”)’, or (8a + 3)+16(26+1) 
into (8a’+ 3)?—8 (26). 

We find, then, generally, that primes of the forms 

(8a + 1)?+16 (26+41)’, 

and (8a + 3)?+16 (26)’, 
are inadmissible. 

In other words, if P be such a prime, 

a +4P%y* = uv? 

is impossible in whole numbers. 


7. All these excluded primes are such that the doubles of them are 
not decomposable into sums of two squares by continued fractions ; 
7.e., cannot satisfy LEESON SE VAR SSCOIG TRA 3 BDA? ORY mi ee ch (b), 
2 and y being integers. 

In fact, we should have [see results (a), (a’) | 

Py’ = p'+(p—-1), 
which is inconsistent with the above forms, since the squared numbers 
differ by +3 in form relative to the modulus 8. 

The consistent class of primes does, however, comprise numbers 
which fail to satisfy the equation (0). 

As to primes of the form 8n—1 or 8n+5, I do not find any corres- 
ponding criteria of exclusion. Nor, when we consider P as the double 
of a prime, have I detected any inconsistency depending on the 
modulus 8. 

I do not know that any odd prime >1, not excluded by the criteria, 
or of the form 8n+8, or that any double, other than 2, of an odd prime, 
not of the form 2 (8n+5), has been shown to be inadmissible. 

. In the following list of primes of the form 8i-+1, those marked with 
an asterisk are excluded :— 


I7* 113 207) 401* 
AVES ( sO 2OL* 409 
73* 198* 3138 433* 
89* 233* 337 449% 
97* 241% 353 457 
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8. Although the present subject does not require any development 
of the remark at the commencement of the last article, I may as well 
mention here the more general form of the result. The conclusion 
stated is founded on the fact that a prime can be represented as the 
sum of two integer squares only in one way. 

But we may consider P as compounded of prime factors of the form 
8m+1, so that P= A?+16B* = (?—8D*, where A and B, Cand D, 


are relative primes. 


I. It follows from §6, that all the decompositions a°+/° are of the 
same form; namely, 

(8a+s)?+16 (2641), s=41 or +3, 
or (8a+s)?+16 (26). 

II. And, further, that if P is of the form (8a +1)?+16 (26+4+1)’, or 
(8a+3)?+16 (23), the equation #—2Py? =—1 cannot hold in 
integers, and the method of continued fractions fails to give the de- 
compositions of 2P into the sum of two square integers. 

As to (I.), for example; suppose that P can be put into the form 
(8a + 1)?+16 (23), and also in the form (8a +1)?+16 (2341). Then 
P can be put into the forms (8a—1)’—8 (26)? and (8a+1)?—8 (26)’, 
which forms are mutually exclusive, by §6. 

The conclusion eyidently does not hold for numbers haying prime 
factors of the form 8m+5; e9., 


145 = 5.29 = 17+-16.37 = 97 +16, 2% 
The result (II.) follows as in the case of P prime. 


December 11th, 1879. 
C. W. MERRIFIELD, Esq., F.R.S., President, in the Chair. 


The following Members were elected :— 

Mr. W. Burnside, M.A., Fellow of Pembroke College, Cambridge ;, 
Mr. J. R. Harris, M.A., Fellow of Clare College, Cambridge; Dr. W. 
Jack, formerly Fellow of St. Peter’s College, Cambridge, Professor of 
Mathematics in the University of Glasgow; Mr. W. J. Curran Sharp, 
M.A., Ex-scholar of Trinity College, Dublin; Prof. W. Woolsey 
Johnson, St. John’s College, Annapolis, Maryland, U.S. 

The Auditor (Mr. R. F. Scott, M.A.) stated that he had been to the 
Bank of England, and found that the Treasurer’s statement as to the 
monies therein deposited, was true, and that he had examined the 
Accounts and found them correct. 


; {if 
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On the proposal of the Chairman, a vote of thanks was passed to the 
Auditor. 

The following communications were made :— 

“Note on a Method of obtaining the g-formula for the Sine- 
amplitude in Elliptic Functions:” Mr. J. W. L. Glaisher, F.R.S. 

“Note on a Numerical Theorem connected with the Cubical 
Division of Space :” the President. 

“Notes on Curvature:” Mr. J. J. Walker, M.A. 

“A Property of a Linkage:’’ Mr. A. B. Kempe, B.A. 


The following presents were made to the Society :— 

“‘ Proceedings of the Royal Society,” Vol. xxix., No. 198. 

“ Educational Times,’’ December, 1879. 

“Bulletin des Sciences Mathématiques et Astronomiques,” Aoit, 
1879. 

“American Journal of Mathematics, Pure and Applied,” Vol. ii., 
No. 3, September, 1879; Baltimore. 


vote on a Method of obtaining the q-formula for the Sine-amplitude 
in Hlliptic Functions. By J.W. L. Guatsuer, M.A., F.R.S. 


[Read December 11th, 1879.] 


The present Note contains a very short method of deducing the 
g-series for sn u from the g-products for sn uw, cn uw, dn w. 


1. The products are 


1 : 1— 2q*" cos 2x+ 9” 
ee i 2q Bin & 1—2q""} cos 9a + qi"? 


6) 


2 dn 
enw = 5. 2¢cos Il 1+29 cos 24+4q 


5 Si cos 2e+q"-? 





dni i ; nw + Ger cos Qa + qi"? 
1—29’"-" cos 2a +4"? 





where w denotes ae and the product symbol II refers to the letter n, 
T 


which is to have all positive values from n=1 ton =o. 
Taking the logarithm of (iii.), and differentiating, we have, as in the 
Fundamenta Nova, pp. 99, 100, 











snucnu 7 89 Oy 89° 
dn wu = op {To FETC 


sin 62+ &e. ; ; 
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and multiplying (i.) and (ii.), and dividing by (iii.), 





snucnu_ 1 1—29” cos 4¢+ q™ ; , 
————' = —. 2q' sin 2a IT —__-4._——_—_+ __ .,.... ; 

dn u Pi ee Fy —2q'""* cos 4a+q°""* av.) 

1— 29 cos 4a+¢q™ 
1—2q*""”? cos Ax + g°"~* 

3 
=<} fake sin ets sin 67+ &e. ; : 

In this equation we observe that, if tw be substituted for 2, and q? for 
g, the left-hand member becomes equal to #! sn u, from (i.), so that 
Sq? 
1— 





so that 2q9'sin 2x II 














snu= M4 sina + AE 


sin 8a+ &e. i 
q 


where M is what are becomes when q is replaced by q?. 


Now, by putting « = 0 in mae and (1.), 














4n 2 
7 ]— qn 
ea = 2¢ ie =e y ; 
x ine q° an— 
the change of g into q?, therefore, converts 2hK into pee so that 
via r ( 
CR et 
4h Kk 








; Ne 4g? . Aq 
and therefore snwu = nee aay, sin @+ al 
2. By this method we arrive almost immediately at the q-series for 
snw; and it may be observed that this is the only one of the q-series 
of which Jacobi makes any important use in the subsequent portion of 
the Fundamenta Nova. This use is in connexion with the function 
Z (wu), which is obtained by squaring the series for sn u and integrating. 
In the Fundamenta Nova the q-products arise as limiting cases of 
formule in the transformation theory ; these formule afford products, 
not only for snu, cn wu, dn wu, but also for 


(Fe) aa (ea ans ie 

l+snu l+ksnu/ ’ 

and it is from the latter of these expressions, which, differentiated 
logarithmically, gives i sn (K—wu), that Jacobi deduces the series for 
snw. But if the g-products are derived otherwise than from the 
transformation theory (as, e.g., from the Abel double products), so that 
it is convenient to start with the products for snu, enw, dnw, the 
deduction of the series for snw requires an imaginary transformation 


? sin 82+ &e. ; ; 
( 
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of either the product or the series ; 7.e., we may either form the g-pro- 
duct for Cn Gu tstK) dn tyu+1iK’) 
sn (tu+1iK’) 
rithmically, gives —ksnw;* or, we may form the g-product for 
cn tu dn iu 


, which, when differentiated loga- 


- , which, when differentiated logarithmically, gives 4b 5, 
sn +u sn u 


and then transform the series by the substitution of w+iK’ for u. 
This latter method is followed by Durege (Theorie der elliptischen 
Functionen, 1861, and second edition, 1868). 

In the process given above, the substitution of w+7K’ for u, either in 
the products or the series, is avoided, and the series for sn u is obtained 
very readily from the g-formule ; but the method is only applicable in 


the case of the sn uw, and does not give the series for cn w, dn u, ——, &e. 
sn wu 


January 8th, 1880. 


C. W. MERRIFIELD, Hsq., F.R.S., President, in the Chair. 


Prof. W. Snow Burnside, M.A., Trinity College, Dublin, was elected 
a Member. 

Prof. Cayley read a paper, ‘‘A Theorem in Spherical Trigonometry,” 
and made some remarks upon a posthumous paper of Prof. Clifford’s, 
“On the Theory of Distances.” 

The Chairman supplemented his communication of December 11th 
by a few further remarks. 

Mr. J. Hammond, M.A., gave an Expression for the Complementary 
Function in Fractional Differentiation; upon which a discussion arose, 
in which Prof. Cayley, the Chairman, Mr. Roberts, Mr. Glaisher, and 
Mr. A, Freeman took part. 

The following presents were received :— 

*‘ Zur Theorie der Elliptischen Modulfunctionen,” von F. Klein (aus 
den Sitzungsberichten der Akad. der Wissenschaften zu Miinchen, 
vom 6 Dezember, 1879). 

‘‘The Melbourne University Calendar for the Academic years 
1878—1880,” Melbourne: from the Chancellor of the University. 

“Factor Table for the Fourth Million, containing the least factor of 
every number not divisible by 2, 3, or 5, between 38,000,000 and 
4,000,000,” by J. Glaisher, F.R.S., 1879: from the author. 

“ Crelle’s Journal,” 88 Band, 3° Heft, Berlin, 1879 ; 4° Heft, Berlin, 
1880. 


* This method is employed in ‘‘A Chapter in Elliptic Functions”? (Quarterly 
Journal, 'T. xvii., pp. 50—65, 1880). 
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‘“‘ Beiblaitter zu den Annalen der Physik und Chemie,” Band iii., 
Stiick 12, Leipzig, 1879 ; Band iv., Stiick 1, Leipzig, 1880. 

“‘ Hducational Times,” January, 1880. 

“ Teorica delle Forze Newtoniane e sue applicazioni all’ elettrostattica 
e al magnetismo,”’ del Prof. Enrico Betti; Pisa, 1879. 

“ Journal of Institute of Actuaries,” No..cxvii., Vol. xxii., Parti. 
October, 1879. 

“Proceedings of the Royal Society,” Vol. xxix., No. 199. 

‘“*Monatsbericht”’ (Sept. and Oct.), Nov., 1879. 

« Atti della R. Accademia dei Lincei—Transunti,” Vol. iv., Fase. 1°, 
Dic. 1879; Roma, 1880. 

“ Bulletin de la Société Mathématique de France,” Tome vii, No. 6; 
Paris, 1879. 

“‘ Archives Néerlandaises des Sciences Exactes et Naturelles,”’ publiées 
par la Société Hollandaise des Sciences a Harlem, Tome xiv. (3™°, 4™°, 
eto” Livy’); la Haye, 1879, 

“The Physical Society of London—Proceedings,” Vol. iii., Part 3, 
Nov. 1879—Feb. 1880. 

“Tidsskrift for Mathematik,” udgivet af H. G. Zeuthen, Fjerde 
Rekke, Tredie Aargang, Forste... Sjette Hefte; Kjpbenhavn, 1879. 


A Theorem in Spherical Trigonometry. By Prof. Caytny. 
[Read January 8th, 1880.] 
In a spherical triangle, where a, b, c are the sides, and A, B, CO the 

opposite angles, we have 

— tan $c tan $a tan $0 sin (A—B) = tan $d sin A—tan 3a sin B, 
tan $c {1—tan ja tan 3b cos (A—B)} = tan 3b cos A+ tan 3a cos B; 
which are both included in the form 
tan 4c —tan 3b (cos A+7 sin A) 
1+ tan 4c tan 3b (cos A+7 sinA) 
For the first of the two identities : from 





tan da (cos B—i sin B) = 


cou niet cos A+cos B cos 0 
sin Bsin 0 ~’ 


cos B+ cos A cos 0 


cos b = ; 
sin A sin U0 


? 
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we deduce 
08 J (25 - coe cos U (ee _, 608 4) 
snC(\sin B- sinA sin O \sn B sinA 
—_ 1 43(sin2A—sin2B) , cosC.sin(A—B) 
sin 0 sin A sin B sin U sin A sin B 


emer H) {cos (A+B)+cos C} 


sin CU sin A sin B 


sin (A—B) 











Pi iresin 0 C8 a 
iri te. =sin(A—B) =, me (cos a—-cos 8), 
— C 


ph STR CE ein & 


- —§— (cosa—cos b): 
since l—cosec ( )5 


or, what is the same thing, 








Bhd. Pea i 
—tan }c sin(A—B) = sean (cosa—cosb). 
Vere cos a—cosb is = (1+cosa)—(1+cos db), and for st 0 substi- 
sin A sin B eet ¥. 





tuting successively ae and sand? the right-hand side is 


— lt+cosa .. 4_ ltcosb bagi 





sin @ 
= cota sin A—cot $b sin B; 
whence, multiplying each side by tan $a tan $b, we have the relation 
in question. 
For the second identity, - 
tan $c {1—tan 4a tan 4b cos (A—B)}! = tan $b cos A+tan 3a cosB; 


if on the right-hand side we substitute for cos A, cos B their values 


cos a—cos b cosc cos b—cos a cose : : 
—__—__——— and ——_____—_ , the right-hand side becomes 


sin b sine sin & s1D ¢ 
1 cosa—cosbecose , cosh—cosa cose) 
SS tts 
sinc { 1+cos b l-+cos a 5 


whence, multiplying the whole equation by sinc (1+ cos a) (1+cos bd), 
it becomes 


(1—cos c) {(1 + cos a) (1+ cos b6)—sina sin b cos (A—B)} 
= (1+cos a) (cos a—cos b cos c) + (1+ cos b) (cos b—cos ¢ cos a), 
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We have here cos (A—B) = cos A cos B+sinA sin B 


_ (cos a—cos b cos °) (cos b—cos ¢ cos a) + oo 
sin’c sina sin b 


by substituting for cos A, cos B their foregoing values, and for sin A, 
vO Jo 


sin B their values - mien or 
sinb sine’ sinasine 


, where 


O = 1—cos’ a—cos’? b—cos’c+2 cosa cos b cos c. 
The numerator is 
cos a cos b—cosc (cos? a+cos’ b) + cos a cos b cos’ ¢ 
+1l—cos’c¢ — (cos? a+cos’ b) +cos a cos b. 2 cose; 
viz., this is 
= cos a cos b (1+ cos c)?—(cos’ a+cos? b) (1+ cos c) +1 — cos’ ¢, 
having the factor 1+cosc, which is also a factor of sin’c, = 1—cos’e, 
in the denominator. We have, therefore, 
any cos a cos b (1+cos c) — (cos? a+cos* b) +1—cos st 
(1—cosc) sina sin b 
and the equation thus is 
(1—cos c) (1+cos a) (1+ cos 5) 
— {cosa cos b (1+cos c)— (cos? a+ cos’ b) +1—cos c} 
= (1+cos a) (cos a—cos b cos c) +(1+ cos b) (cos b—cosc cos a), 


where each side is in fact 


= cos a+cos’?a+cos b+ cos’ b—cosc (cos a+cos b) —2 cos a cosb cos ¢; 


and the second identity is thus proved. 


February 12th, 1880. 
C. W. MERRIFIELD, Esq., F.R.S., President, in the Chair. 


Mr. D. Edwardes was elected a Member, and subsequently admitted 
into the Society. 

The following communications were made to the Society :— 

‘‘ Geometrical Notes” (8): by Prof. H. J. S. Smith, F.R.S. 

“On the Reflection of Vibrations at the confines of two Media between 
which the Transition is Gradual,” and ‘On the Stability, or Insta- 
bility, of certain Fluid Motions’: by Lord Rayleigh, F.R.S. 

“The Calculus of Equivalent Statements ” (Fourth Note): by Mr. 
H. McColl, B.A. 
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The following presents were received :— 

“ Nogle Egenskaber ved Kurver af fjerde Orden med to Dobbelt- 
punkter ;” af H. G. Zeuthen. 

“ Reprint of Mathematics from Educational Times,”’ Vol. xxxil. 

“ Beiblatter za den Annalen der Physik und Chemie,” Band iv., 
Stiick 2, 1880. 

‘‘ Proceedings of Royal Society,” Vol. xxx., No. 200. 

* Bulletin des Sciences Mathématiques et Astronomiques, 
Tome iii., Sept. 1879 ; Paris, 1879. 

“Educational Times,” February, 1880. 

“Jahrbuch tiber die Fortschritte der Mathematik,’ neunter Band, 
Jahrgang 1877, Heft 3; Berlin, 1880. 

“ Sitzungsberichte ihe physikalisch-medicinischen Societit zu’ Hr- 
langen,” 5 Heft, Nov. 1872—Aug. 1873; 6 Heft, Nov. 1873—Aung. 
yc ae 11 Heft, Nov. 1878—Aug. 1879. (7 Vols.) 

** Atti della R. Accademia dei Lincei—Transurti,”’ Vol. iv., Fasc. 2, 
Gennaio, 1880; Roma, 1880. 

“ Bibliographie générale de l’Astronomie, ou Catalogue méthodique 
des ouvrages, des mémoires et des observations astronomiques, publiés 
depuis l’origine de l’imprimerie jusqu’en 1880 :” from J. C. Houzeau 
and A. Lancaster. 

“Ueber Relationen zwischen Klassenzahlen binarer quadratischer 
Formen yon negativer Determinante,’”’ von J. Gierster in Bamberg. 


” Ome Série, 


On Reflection of Vibrations at the Confines of two Media between 
which the Transition is Gradual. By Lord Rayuerau, F.R.S., 
Professor of Experimental Physics in the University of 
Cambridge. 

[Read February 12th, 1880.] 


Many physicists, of whom may be especially mentioned Young, 
Fresnel, Poisson, Green, and Cauchy, have investigated the reflection 
of light or sound at the surface of separation of two uniform media, of 
different mechanical properties. The transition from oue medium to 
the other being treated as abrupt, the problem is of no great difficulty 
for the case of plane waves incident upon a plane surface of separation. 
It is of some interest to inquire what modifications would be caused by 
the substitution of a gradual for an abrupt transition, and the principal 
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object of this paper is to give the details of one particular case, which 
admits of pretty simple treatment. 

It is evident, from the first, that the transition may be supposed to 
be so gradual that no sensible reflection would ensue. No one would 
expect a ray of light to undergo reflection in passing through the 
earth’s atmosphere as a consequence of the gradual change of density 
with elevation. At first sight, indeed, the case of so-called total 
reflection may appear to be an exception, as it is independent of the 
suddenness of transition; but this only shows that the phenomenon is 
inaccurately described by its usual title. It is, in strictness, a particular 
case of refraction, rather than of reflection, and must be so considered 
in theorttical work, although, no doubt, the name of total reflection 
will be retained whenever, as in constructing optical instruments, we 
have to deal with effects rather than with causes. 

Admitting, then, that reflection proper is due to suddenness of transi- 
tion, we have still to inquire what degree of suddenness is requisite. 
It is not difficult to see that the quantity with which the thickness of 
the transitional layer comes into comparison is the wave-length of the 
vibration ; so that, when the thickness is a large multiple of the wave- 
length, there is little reflection, but when, on the other hand, the wave- 
length is a large multiple of the thickness, the reflection is sensibly as 
copious as if the transition were absolutely abrupt. There is thus a 
considerable distinction, in practice, between the cases of sound and of 
light, the wave-length of the one being some million times greater than 
that of the other. When sound is reflected in air from ordinary solids 
or liquids, the transition between the media may be treated as abrupt 
with abundant accuracy ; but it is not so certain that a similar treat- 
ment is adequate to the case of light. It is probable, however, that in 
the case of light passing from fluids to solids, or from one fluid to a 
second which does not mix with it—e.g., from bisulphide of carbon to 
water—the phenomena are not materially influenced by insufficient 
‘suddenness of transition. On the other hand, when the two fluids are 
miscible, it would not be easy to complete an experiment before the 
abruptness of transition is so far broken down by diffusion that the 
thickness of the transitional layer amounts to a multiple of zot55 of 
an inch. 

The problem of gradual transition includes, of course, that of a 
variable medium. ‘The particular case which I have taken is that of a 
stretched string, whose longitudinal density varies as the inverse square 
of the abscissa (measured along its length), vibrating transversely. 
The same analysis is strictly applicable to other cases of vibrations, 
which I need not stop to specify, and the results will illustrate the 
general character of the phenomena to be expected in all cases. If y, 
denoting the transverse displacement, be proportional to e”, the equa- 
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tion which it must satisfy as a function of of a, is 


TY tata = 0 eee Cle eOEY SOEEn (ee 

where * is some positive constant, of the nature of an abstract number.* 
Biber OmOntOn (Lia ee yi Ax f. Dats og, os ewaveu dasadene ce? (2), 
where Gea sy a AUN i tee te tee oe (3). 


If m be real, that is, if n >3, we may obtain, by supposing A = 0, 
as a final solution in real quantities, 


y = O28 cos (pt—m log e+e) ..c.ccscsceresreseess (4), 


which represents a positive progressive wave, In many respects similar 
to those propagated in uniform media. 

Let us now suppose that, to the left of the point « = 2,, the variable 
medium is replaced by one of uniform constitution, such that there is 
no discontinuity of density at the point of transition ; and let us inquire, 
what reflection a positive progressive wave in the uniform medium 
will undergo on arrival at the variable medium. It will be sufficient 
to consider the case where m is real, that is, where the change of 
density is but moderately rapid. 

By supposition, there is no negative wave in the variable medium, so 
that A= 0in (2). Thus 





di : ea 
Wim eee, Oy — ($-—im) Be-™ ; 
da 
di L—im 
and, when « =z, SY — 2 PE CANE CPE OAT 
y de Ly 


The general solution for the uniform medium may be written 


i Wai a cuare, 

from which, when # = 2, 
CESS) od EASA (7) 
i pc One ag : 
In equation (6), H represents the amplitude of the incident positive 
wave, and Kk the amplitude of the reflected negative wave. The 
condition to be satisfied at e=w, is expressed by equating the values of 


i given by (5) and (7). Thus 





Eee CE), i ae oul idea (8), 
H i(ntm)—s 


which gives, in symbolical form, the ratio of the reflected to a 
incident vibration. 








* Theory oi Sound, $141. 
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Having regard to (3), we may write (8) in the form 


K ev 

Te 2 (m+n) soBosnscesdascoasess3u0esen event (9) ; 
so that the real amplitude of the reflected wave is }(+m)7' of that 
of the incident. Thus, as was to be expected, when » and ™ are great, 
z.e., When the density changes slowly in the variable medium, there is 
but little reflection. 

Passing on now to the more important problem, we will suppose 
that the variable medium extends only so far as the point c=2,, beyond 
which the density retains uniformly its value at that point. A positive 
wave travelling at first in a uniform medium of density proportional 
to a; *, passes at the point a=2, into a variable medium of density pro- 
portional to #~*, and again, at the point # = a,, into a uniform medium 
of density proportional to #7”. The velocities of propagation are in- 
versely proportional to the square roots of the densities, 7.¢., vary as 2, 
so that, if « be the refractive index between the extreme media, 


The thickness (d@) of the layer of transition is 
Cb = Wg Gh, snnssaacashtsessnseras) pee (11). 


Tho wave-lengths in the two media are given by 


A seals: Re aeons 
17 11) 
9 
so that i Sard) 0) 1) Ga (12). 





ae AA = (aah AG 


For the first medium we take, as before, 





i Ho” = eke see (6), 
giving, when # = %, 
dy  _  imH-K_ m0 (7) 
SS ee a eee eee een e ee e ? 
y dae a, 444-5: Ly 
if, for brevity, we write 6 for mE 
For the variable medium, 
ap = Ag 4 Byte ern eee (2), 


giving, when «= ae 


y da : Aa + Ba, 
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Hence the condition to be satisfied at # = ©, gives 


Ax” — Bex 16 
stim Axim + Bus meme ase LN 
A  tm—imnag—-t 
whence ye sucnncensesosecozoncors (14). 


B 1 im+inO+4 
The condition to be satisfied at «=z, may be deduced from (14), by 
substituting a, for v,, putting at the same time 6=1 in virtue of the 
supposition that in the second medium there is no negative wave. 
Hence, equating the two values of A: B, we get 


1 Tee PAT teat 3 ; ? 
m+mé+s5 am+ium+s 


° e 1 y , 
9m UN— Un 6— Oy -2im m—MN—F (15), 


as the equation from which the reflected wave in the first medium is 
to be found. Having regard to (38), we get 
_ H-K _mt+nthi+p™ (m—n—31) 
H+K m+n—ii+p™ (m—n+24)’ 
one —t+ rn ¢ 1 
nll yy 2S PUN US ICT OF BO 6). 
potee H 2(m+n)+2p*" (m—n) ee 
This is the symbolical solution. To interpret it in real quantities, we 
must distinguish the cases of m real and m imaginary. Ifthe transi- 
tion be not too sudden, 7 is real, and (16) may be written 


K 24 —1+cos (2m log un) +7 sin (2m log “) 


H 2 m+n+(m-—n) cos (2mlog p) +i (m—n) sin (2m log w) 


Thus the expression for the ratio of the intensities of the reflected and 
incident waves is, after reduction, 


sin” (m log 1) CLA} 


4in? + sin? (m log 1) Coe ovesrreseerscevcesesscseees 
If m be imaginary, we may write im =m’; (16) then gives, for the 
ie ‘— pom)? 18 ; 
Ce — P+16m? Pee PO eee essere sess eres sees sees ( VE 
or, if we introduce the notation of hyperbolic trigonometry, 


pecinbe (mslenye (19). 
sinh? (mv log o jt) + 4a” cece ee cerceroenoesseeerereseoes 


For the critical value m = 0, we get, from (17) or (19), 


ratio of intensities, 


paQlosi Hy ANG Gide boule de Tooth Ne (20). 

ARTA ES 
These expressions allow us to trace of the effect of a more or less 
gradual transition between media of given index. If the transi- 
tion be absolutely abrupt, n=0, by (12) ; so that iim ash nme 
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(18) gives us Young’s well-known formula | 


increases continually from «=0, the ratio (19) increases 


CG 


i sinh 
Since 





continually from m= 0 to m’= 1, i.e., diminishes continually from the 
case of sudden transition m’= 4, when its value is (21), to the critical 
case m’= 0, when its value is (20), after which this form no longer 
holds good. When m’=0, » =1, and, by (12), d= eX, 

Tv 

When » >}, (17) is the appropriate form. We see from it that, as 

m increases, the reflection diminishes, until it vanishes, when m log p=z, 
2 

10. Wh ee Se 

1.€., When n erga (22) 

With a still more gradual transition the reflection revives, reaches a 

maximum, again vanishes when m log « = 27, and so on. 

As a numerical example I will take the case of “= 2, applicable to 
the reflection of luminous waves in passing from glass to air. The 
value of log, 3 is 40546520. For the sudden transition, we have, fromi 
Pod DLO. iW hen ony: 0, maeseayhenanetiee = 
(20), -039478, but very little less. For moderate values of m’, we 
may derive, from (18), 

(log »)? { (og uy? 4m” ; (23) ; 
Cinguantt (log it d0e 3 
or, in the present example, 
12 
‘ogo47s (1+"% x -039478). 





, the reflection is, by 


There is thus no appreciable variation of reflection from m= 2 to 


m=0. The reflection vanishes when 
2 


yaest an? 
™ = 4 T Ca055) 

a being any integer. Even when a=1, the first term in the value 
of n’ is small relatively to the second, and we may take, with sufficient 

am a (A,—A,) 

; by (12), d = —2 —_¥, 

4056) 0% by U2): S11 

The thickness of the layer of transition at which the reflection first 
vanishes is thus a little greater than the difference of the wave-lengths. 


The revivals of reflection which occur when the transition is still more 





approximation, 7 = 


: 2 2 
gradual are not important. The approximate values are ( ~\ : ( =) ‘ 
Tr Tv 


&e., the reflection with abrupt transition being taken as standard. 
Thus, at the first revival, the reflection is only about ,4 of its original 
value. 
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On the Stability, or Instability, of certain Fluid Motions. By 
Lord Rayutex, F.R.S., Professor of Experimental Physics in 
the University of Cambridge. 


[Read February 12th, 1880.] 


In a former communication to the Society on the “ Instability of 
Jets,”* I applied a method due to Sir W. Thomson, to calculate the 
manner of falling away from equilibrium of jets bounded by one or 
more surfaces of discontinuity. Such interest as these investigations 
possessed was due principally to the possibility of applying their results 
to the explanation of certain acoustical phenomena relating to sensitive 
flames and smoke jets. But it soon appeared that in one important 
respect the calculations failed to correspond with the facts. 

To fix the ideas, let us take the case of an originally plane surface of 
separation, on the two sides of which the fluid moves with equal and 
opposite constant velocities (+V). In equilibrium, the elevation h, 
at every point « along the surface, is zero. It is proved that, if 
initially the surface be a rest in the form defined by h=Hcos ka, 
then, after a time #, its form is given by 


pea Gomi COSb Vigil)... user. secrit eee Che 


provided that, throughout the whole time contemplated, the disturbance 
is small. In the same sense as that in which the frequency of vibration 
measures the stability of a system vibrating about a configuration of 
stable equilibrium, so the coefficient «V of ¢, in equations such as (1), 
measures the instability of an unstable system; and we see, in the 
present case, that the instability increases without limit with x; that 
is to say, the shorter the wave-length of the sinuosities on the surface 
of separation, the more rapidly are they magnified. 

The application of this result to sensitive jets would lead us to the 
conclusion that their sensitiveness increases indefinitely with pitch. 
It is true that, in the case of certain flames, the pitch of the most 
efficient sounds is very high, not far from the upper limit of human 
hearing; but there are other kinds of sensitive jets on which these 
high sounds are without effect, and which require for their excitation 
a moderate or even a grave pitch. 

A probable explanation of the discrepancy readily suggests itself. 
The calculations are founded upon the supposition that the changes of 
velocity are discontinuous—a supposition which cannot possibly agree 
‘with reality. In consequence of fluid friction, a surface of discontinuity, 


* “ Proceedings,” Vol, x., p. 4, Nov. 14, 1878. 
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even if it could ever be formed, would instantaneously disappear, the 
‘transition from the one velocity to the other becoming more and more 
gradual, until the layer of transition attained a sensible width. When 
this width is comparable with the wave-length of the sinuosity, the 
solution for an abrupt transition ceases to be applicable, and we have 
no reason for supposing that the instability would increase for much 
shorter wave-lengths. 

In the following investigations, I shall suppose that the motion is 
entirely in two dimensions, parallel (say) to the plane ay, so that (in 
the usual notation) w is zero, as well as the rotations £, 7. The rota- 
tion ¢ parallel to z is connected with the velocities u, v by the equation 


du =) 

‘ Sa de} ° 2) 
When the phenomena under consideration are such that the com- 
pressibility may be neglected, the condition that no fluid is anywhere 
introduced or abstracted, gives 


du , dv 

dct Cpt, Re 
de dy (3) 
In the absence of friction, remains constant for every particle of the 
fluid ; otherwise, if v be the kinematic viscosity, the general equation 


: of dw dw dw 
= cocle ae r= ee v> eeeceseeeenenres * 
for ¢ is ry oon FON Narre Re ds. (4), 
OF LOE EINE Se 
where 5s aida tls Saige To 8)s 
2 2 2 


dx dy’ dz (6) 
For the proposed applications to motion in two dimensions, these equa- 


tions reduce to = vV%~ 9/0 opcwis 9inn we non nae 6 cee 
P) d d d 
—_=— ae —— gaclse ¢ecaveekenheenenan 8 
| a EPA onT: (8), 
se ie 
V a ays eos eee ret eer teereteor ove 6005 0 ge 


while the two other equations similar to (4) are satisfied identically. 

In order to investigate the influence of friction on stratified motion, 
we may now suppose that v is zero, while w and ¢ are functions of y 
only. Our equations then give simply 





dz Pl 
See = COFCO OOS OOH O SHE SHO HET OHHH oer ee 10 
di” dy? (1); 


ee 
* Lamb’s Motion of Fluids, p. 243. 
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which shows that the rotation ¢ is conducted according to precisely 
the same laws as heat. In the case of air at atmospheric pressure, the 
value of y is, according to Maxwell’s experiments, 


ye O 


not differing greatly from the number (‘22) corresponding to the con- 
duction of temperature in zron. 

The various solutions of (10), discovered by Fourier, are at once 
applicable to our present purpose. In the problem already referred to, 
of a surface of discontinuity y = 0, separating portions of fluid moving 
with different but originally constant velocities, the rotation is at first 
zero, except upon the surface itself, but it is rapidly diffused into the 
adjacent fluid. At time ¢ its value at any point y is 


ce +@ d e t 
g | Caran nearer (11), 
aur 1 { du - 
mad | dy = 3 | dy =3(%.-V) Rr te carsc, (12), 


if V,, V, are the velocities on the positive and negative sides of the 
surface respectively. If y? = 4t, the value of ¢@ is less than that to be 
found at y = 0, in the ratioe: 1. Thus, aftera time ¢, the thickness of 
the layer of transition (2y) is comparable in magnitude with 1°6,/t; 
for example, after one second it may be considered to be about 11 centi- 
metres. In the case of water, the coefficient of conductivity is much 
less. It seems that »y = ‘014; so that, after one second, the layer is 
about half a centimetre thick. 

The circumstances of a two-dimensional jet will be represented by 
supposing the velocity to be limited initially to an infinitely thin layer 
at y=0. It is convenient here to use the velocity u itself instead of ¢. 


: du du du 
pe te veil hm my Aa 
mince ~= 4 Z Fie imu tates fe ca (13), 
and thus the solution is of the same form as before : 
val ie 
ng e 4ut ' 
|| Eee ey eae eed eae lwiciee UC Ne eee ciosisicicts (14). 


We may conclude that, however thin a jet of air may be initially, its 
‘thickness after one second is comparable with 12 centimetres. A 
similar calculation may be made for the case of a linear jet, whose 
whole velocity is originally concentrated in one line. 


* The centimetre and second being units. 
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There is, therefore, ample foundation for the opinion that the 
phenomena of sensitive jets may be greatly influenced by fluid friction, 
and deviate materially from the results of calculations based upon the 
supposition of discontinuous changes of velocity. Under these circum- 
stances, it becomes important to investigate the character of the 
equilibrium of stratified motion in cases more nearly approaching 
what is met with in practice. Fully to include the effects of friction, 
would immensely increase the difficulties of the problem. For the 
present, at least, we must treat the fluid as frictionless, and be satisfied 
if we can obtain solutions for laws of stratification, which are free 
from discontinuity. For the undisturbed motion, the component 
velocity v is zero, and w is a function of y only. A curve in which w 
is ordinate and y is abscissa, represents the law of stratification, and 
may be called, for brevity, the velocity curve. 

» A class of problems which can be dealt with by fairly simple methods, 
is obtained by supposing the rotation ¢ to be constant throughout 
layers of finite thickness, and only to change its value in passing a 
limited number of planes for which y is constant. In such cases, the 
velocity curve is composed of portions of straight lines which meet one 
another at finite angles. This state of things may be supposed to be 
shghtly disturbed by bending the surfaces of transition, and the deter- 
mination of the subsequent motion depends upon that of the form of 
these surfaces. For ¢ retains its constant value throughout each layer 
unchanged in the absence of friction, and, by a well-known theorem, 
the whole motion depends upon ¢. We shall suppose that the func- 
tions deviate from their equilibrium values by quantities proportional 
to e’*”, so that everything is periodic with respect to # in a distance A 
equal to 2r«7'. By Fourier’s theorem, the solution may be generalised 
sufficiently to cover the case of an arbitrary deformation of the surfaces. 
As functions of the time, the disturbances will be assumed to be pro- 
portional to e’, where » may be either real or complex, and the 
character of the resulting motion is determined in great measure by 
the value of n, found by “the solution of the problem. 

By a theorem due to Helmholtz, the effect of any element dA rotating 
with angular velocity ¢, is to produce, at a point whose distance frorh 
the element is 7, a transverse velocity ¢, such that 


In the application of this\result to the problems in hand, it will be con- 
venient to regard the actual value of € at time ¢ as made up of two 
parts, (1) its undisturbed value, (2) the difference between its actual 
value and (1). The effect of (1) is to produce the undisturbed system 
of velocities, on which the small effect of (2) 1s superposed; and the 
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calculation of the latter effects evidently involves integrations which 
extend only over the infinitely small areas included between the .dis- 
turbed and undisturbed surfaces of transition. Suppose that the equa- 
tion of one of these surfaces, reckoned from its undisturbed position, is 


in which H is not necessarily real. Then dA = ndé, and if AZ be the 
excess of the value of ¢ on the upper above that on the lower side of 
the surface, we get, by (15), at any point whose abscissa is @ and dis- 
tance from the surface is b, 


ype cab SN ae a ne ORR (17), 
7? 
where ftom Varta (Lad) ote Petes Meher cars ged; tans cee dee (18). 


The velocity g, given by (17), is perpendicular tor. The next step, 
previous to integration, is to resolve it in the fixed directions of x 
and y. ‘The resolution is effected by introduction of the factors b/r, 
and (€—2)/r; and thus, for the whole effect of the surface under con- 
ale ndé oe 2 haere dé 
oe Pi Ae al Ea 


Px = 


sideration, “4 =— 





Tv be t 41% Seale se 
bHAZ [(** — etx 
or, by (16), ie ae | Anant Bis |) apa oaaes (19), 


ey TENS ie ett (Ea) dé 
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The integrals are readily evaluated by the theorem 


*? cos aw +? osinaw cs 
ae ben gical. 8 





Oey Ld gee 1+2° 
Boaeve obtain u=— HAY ca! Urey PMN oe (21). 
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In the derivation of (21), 7 has been treated as infinitesimal in com- 
parison with b, but in the sequel we shall require to apply the formula 
to points situated upon the surface itself. The value of u would need 
more careful examination, but that of v is easily seen to be equally 
applicable when b is zero, since the neighbouring elements do not con- 
tribute sensibly to the value of the integral. In fact, the value is the 
‘same on whichever side of the surface the point under consideration is 
situated, and b is in both cases to be taken positive. Accordingly, 
when 0 is zero, we are to take simply 

gees ta a RAYA 9 SR ee oA errr h (22). 


a 
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We are now prepared to enter upon the consideration of special 
problems. As a first example, let us suppose that on the upper 
side of a layer of thickness b the undisturbed velocity w is equal to 
+ V, and on the lower side to —V, while inside the layer it changes 


mniformly.. Thus... “.., S= pete te (23) 
dy  b 

inside the layer, and outside the layer =0. In the disturbed motion, 

let the equations of the upper and lower surfaces be respectively, at 


panes eet ed emetic (24) ; 
Mos 8 A ok aes 
then, by (21), (22), (28), the whole value of v for a point on the upper 
surface is v =.ib-' ewe (H—He-™). |. (24)’, 
and for the lower surface 
o =4b7 Vee (He —F-) <a (25). 


From these values of v the position of the surfaces at time t+dt may 
be calculated. At time ¢, n corresponds to «; at time t+di, n+vdt 
corresponds to +wudt, w being the whole component velocity parallel 
tow. Thus, at time ¢+dt, corresponding to «, we have 


n+odt—& (n+vdt) . udt ; 
dx 
or, on neglecting the squares of small quantities, 


dy 
VET Ge 
1 (» J a 


Now, from (24), an = wy: 


so that, equating the two values of uy we get, from (24), 
¢ 


inH = 1b-'V (H—H’e-*) —«VH, 


or (aL 6b) pe P= 0 escsemeneenn (26). 
In like manner, by considering the motion of the lower surface, we get 
oH (14nd) HR 0 sessment (27). 


By eliminating the ratio H’: H between (26) and (27), we obtain, as 
the equation giving the admissible values of x, 


et F(T) ennui (28), 
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When «xd is small, that is, when the wave-length is great in comparison 
with b, the case approximates to that of a sudden transition. Thus 


2 
a = {1 — 2b + xb? — (1—2eb + 207b?-+...)} 
=— «’V" approximately 
in agreement with equation (30) of my former paper. In this case 
the motion is unstable. On the other hand, when «xb is great, we find, 


from (28), Pests hs PaeMeniads Staci d eee te ae ait aces (30) ; 


and, since the values of ” are real, the motion is stable. It appears, 
therefore, that so far from the instability increasing indefinitely with 
diminishing wave-length, as when the transition is sudden, a diminution 
of wave-length below a certain value entails an instability which 
gradually decreases, and is finally exchanged for actual stability. The 
following table exhibits more in detail the progress of b?V~*n? as a 
function of «b :— 


Kb b?V-2n? | kb b?V-*n? 








2 | —:03032 — 13534 


aH) 
4, | —:08933 ] 1:2 | —-05072 
6 | —°14120 71:3 | +:01573 
‘8 | —°16190 | 2:0 | +°98168 





We see that the instability is greatest when «b = ‘8 nearly, that is, 
when A= 8); and that the passage from instability to stability takes 
place when xb = 1°38 nearly, or when \ = 5b. 

Corresponding with the two values of , there are two ratios of 
H’: H determined by (26) or (27), each of which gives a normal mode 
of disturbance, and by means of these normal modes the results of an 
arbitrary displacement of the two surfaces may be represented. It 
will be seen that for the stable disturbances the ratio H’: H is real, 
indicating that the sinuosities of the two surfaces are at every moment 
in the same phase. 

We may next take an example of a jet of thickness 2b moving in 
still fluid, supposing that the velocity in the middle of the jet is V, and 
that it falls uniformly to zero on either side. Taking the middle line 
as axis of x, we may write 


AWA Orig) cat acer gs (81), 
in which the — sign applies to the upper, and the + sign to the lower 
Bere raha of de pe Au (32) 

~ dy b 


within the jet, and outside the jet =0. In this problem there are 


fp, 
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three surfaces to be considered. We will suppose the equation of the 


upper surface, for which Ag = a to be n= He'*e™; that of the middle 
surface, for which Af = — a to be n= H’e*e’™; and that of the lower 


surface, for which AZ = Le to be 7 = H ee, 
From (22), the velocities v are to be calculated as before. We find 


v (upper surface) = af ee {_ 774920 H'—e-™ "|, 


v (middle surface) = 3 ei exe §_e- 42H’ —e- H"}, 


v (lower surface) = a ein oiet f — e- > 420° H’ —H’}. 
For the upper and lower surfaces the horizontal velocity is zero, and 
for the middle surface it is V. In the same manner as for (20), we 


thus obtain mH —2vH'+ yH”= 0 
yH+ (m+2«b—3) H’+ yH"= OF oo. eccscent (38), 
yH —2yH’+mH”"= 0 
in which y is written for e~*’, and m is written 2bV-'n+1. The elimi- 
nation from (33) of H : H’: H” gives the following cubic in m :— 
m+ (2xkb—3) wm? +7? (4—y’) m—y* (14 2«b) =O. . (34). 
By inspection of (33), we see that one of the normal disturbances is 
defined by H’=0, H+H”= 0, and that the corresponding value of m 
is y’. It follows that m—y’ is a factor of the cubie expression in (34), 
and the remaining quadratic factor is readily obtained by division. 
Thus (34) assumes the form 


(m—y’) {m+ (2kb—3 + y") m+ y? (14+ 2«b)} =O ., (35). 
For the symmetrical disturbance 
0 = — — , a= ene) ea ae (36), 


a real quantity, indicating that the motion is stable so far as this mode 
of disturbance is concerned. 
The other two values of n are real, if 


(2b —3 +77)? —4y? (L4 20d) ooo eseeeeees (37) 


be positive, but not otherwise. When «xb is infinite, y=0, and (87) 
reduces to 4b, which is positive; so that the motion is stable when 
the wave-length is small in comparison with the thickness of the jet. 
On the other hand, as may readily be proved by expanding y in (87), 


Li 
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the motion is unstable, when the wave-length is great in comparison 
with the thickness of the jet. The values of (37) can be more easily 
computed when it is thrown into the form 


(5+ 2xb—e-**")?—16 (14 2kb) 


Some corresponding values of (88) and 2«b are shown below :— 











|} 2eb | (88) | 2«b | (38) 
5 | —-054 | 25 | —-975 
1:0 |—:279 | 3:0 | —-794 
1:5 |—599 | 3:5 | —-263 
2-0 |—-876 | 40 | +°671 











The wave-length of maximum instability is about 25 times the thick- 
ness (2U) of the jet; while, for a wave-length about half as great again, 
or more, the motion becomes stable. 

Although it is the fact, as I have found by experiment, that a sensi- 
tive jet breaks up by becoming sinuous as a whole, the result that a 
symmetrical mode of disturbance is stable, is special to the law of 
velocity assumed in the foregoing example. In order to illustrate 
this, I will state the results for the more general law of velocity ob- 
tained by supposing the maximum velocity V to extend through .a 
layer of finite thickness b’ in the middle of the jet. The rotation ¢ is 
zero in this central layer; in the adjacent layers of thickness |, 
(=F * as before. The equations of the four surfaces, in crossing 
which ¢ changes its value, being represented by 

Wane = be He ee, 
we may obtain four equations involving » and the three ratios 
H:H’: H”: H”,. The elimination of these ratios gives a biquadratic 
in 2, which, however, is easily split into two quadratics, one of which 
relates to symmetrical disturbances, for which H+ H” = 0, H’+H”=0; 
and the other to disturbances for which H—H’”=0, H’— H”= 0. 
The resulting equation in 7 is 


2m 
V 
+ y—14+2«b+y? (1+ y= 2kby’) = 0...... (39), 


xb’ 


2Qbn ; ’ 79 L 
( 7) + (4 y Fy? +2cb) 


y being written for e7 In (39) the upper signs correspond to the 
symmetrical displacements. The roots are real, and the disturbances 
are stable, if 


(by F yy? + 2d" —4 by —14 2b 4+ y? (1 y F 2kdy’)] ...(40) 
be positive. 
vou, X1.—Nno, 160. F 
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In what follows, we will limit our attention to the symmetrical dis- 
turbances, that is, to the upper signs in (40), and to terms of orders 
not higher than the first in 0’, The expression (40) may then be 


reduced to. (l—y?—2xb)?+2«b' (1+ y*) (l—y?—2kb) oes ces. (41). 
If «b be very small, this becomes 
Auth — Seb’. 2b? .,, naveeccestsres aceon ana 


If b’ be zero, (42) is positive, and the disturbance is stable, as we 
found before; but if } and b’ be of the same order of magnitude, and 
both very small compared to A, it follows from (42) that the distur- 
bance is unstable. 

If, in (89), we suppose that 6 is zero, we fall back upon the case of 
a jet of uniform velocity V and thickness >’ moving in still fluid. The 
equation for n, after division by b*, becomes 


wt+lty)«V.n+ti(lty)°vV’=0), 








or (n+«V)? 1s Za 0.2 8 (43). 
Lay 
In the notation of my former paper, b’= $1, so that 
sgatst = coth «l, : = = fanh «b; 
om td 


and the equations there numbered (48) and (55) agree with (45). 


Another particular case of (89), comparable with previous results, 
is obtained by supposing 0’ to be infinite. 


I. now pass to the consideration of certain cases in which the moving 
layers are bounded by fixed walls, instead of by an unlimited expanse 
of stationary fluid. The effect of the walls may be imitated by the 
introduction of an unlimited number of similar layers, in the same way 
as the vibrations of a string fixed at two points are often deduced from 
the theory applicable to an unlimited string. The displacements of 
the surfaces at which ¢ changes its value being taken equal and opposite 
in consecutive layers, the value of v, at the places occupied by the walls, 
is, by symmetry, zero; and thus the presence or absence of the actual 
walls is a matter of indifference. 

Let us first suppose that the distribution of velocity within the layer 
is that given in (31), uniformly increasing from zero at the walls to a 
maximum V in the middle, the distance between the walls being 20. 
The actual surface of transition and its successive images make con- 
tributions to the value of v at the surface, which are alternately opposite 
in sign, and, as regards numerical value, form a geometrical progression 
with common ratio e~*’ or y®. Thus, with the same notation as before, 
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we have at the surface, from (21), (22), 


VAT int pice 
vee Lene ety ect Yoel 
— VL eint pixt 1-7’. 
8 Try 


so that, as in previous problems, 





V i—-y 
—— V+ ee 99 
kK 1 ie ~ 
or, as it may also be written, 
seo LETU EL Rte RUE e oon Pee Meat te (44) 


If there be a layer of finite width 0’ in the centre, throughout when 
the undisturbed velocity is V, we obtain 


(297 + 2xb— err) 7 H’= 0 











ae 3 GY (45) 
YF H+ (2% +2eb— A FEE O.\agn ae 
1477 la en 


in which H, H’ refer to the two surfaces of transition, and y=e-*”. 
Equation (45) shews, as might also be inferred from symmetry, that 
H + H’=0, while 








ee 


COL Ne es cia sare: 9 
V l+yvy l+y‘y 


Since the values of n in (46) are real, the disturbance is stable. 


NE Ge 


In these examples the velocity curves are those represented by figs. 
(1) and (2). I have taken a further step in the direction of generali- 
sation by calculating the motion for a velocity curve in the form of (3). 
The criterion of stability is complicated in its expression, but it is not 
difficult to shew that the motion is stable if the angle N be a projecting 
angle. From these examples there seemed to be some reason for 
thinking that the motion would be stable, whenever the velocity curve 
was of one curvature throughout; and this led me to attack the ques- 
tion by a more general method, which I will now explain. 

Let us suppose that the conditions of steady motion are satisfied by 
u=U, v=V, €=Z; and let us trace the effects of superposing upon 
this motion a disturbance for which w= du, v=dv, =cé. Both the 
original motion and the disturbance satisfy the equation of continuity 


(3). 





F 2 
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Since, in the absence of friction, the rotation of every element re- 


mains unchanged, (AS) Shi = 0, 


d d d = 
er (Z+62) + (U+ ou) — CERISE et 5 (Z+06f) = 0. 


This equation is satisfied by supposition, if du, dv, 6¢ = 0. If we omit 
the squares and products of the small quantities, it becomes 





oe 0 gs a 17 50 02 = 0 a (47). 
If V=0, and U be a function of y only, (47) reduces to 
dee del AZ 
eet 
iat ivi da BR dy ' 
or, since in this case Z = 1+ au 
dy 
d Net Saeu\s, 00 ae 
(S+u <) Ge aia so 0 an (48). 


We now introduce the supposition that, as functions of a, du and dv 
are proportional to e”, so that, by (3), 


iKkou + = a) (49). 


ee ee eo eo 


We thus obtain, by elimination of 6u, 


(2 2 +0) Gar «bv aH dv = Osu, cae (50). 


If we further suppose that, as a function of t, dv is proportional to e™, 
where 7 is a real or complex constant, we get 


n Pdv__» 8 fi 
(2+ v) ( KOv dy do =) eee (51). 


On this equation the solution of the special problems already con- 
sidered may be founded. If, throughout any layer, the rotation Z be 








2 
constant, ip = 0, and, wherever n+«U is not equal to zero, (51) 


reduces to zs —K’'ov = 0 
dy 

Kquation (52) may, in fact, be easily established independently, on the 

assumption that the rotation throughout the layer is the same after 

disturbance as before. From (2), 


dg 3 (24 d’v 3) = (3 4 ov i} 
da da dy dx Te dy? 
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by (8); so that, when Z is constant, V?v = 0. In likemanner V’u=0. 
If cv x e**, (52) follows immediately. 

The.solution of (52) is 
Sia Beri ini, meng ie ae, (58), 


where A and B are constants, not restricted to be real. For each 
layer of constant ¢, a fresh solution with fresh arbitraries is to be taken, 
and the partial solutions are to be fitted together by means of the 
proper boundary conditions. The first of these conditions is evidently 


Fae amd Ua A aber ceca pall RR ap re ae (54). 

The second may be obtained by integrating (51) across the boundary. 
Th (240) .0 (2) 0 (28) y= 5). 
us e +0) A(T al Sh (Oh eee pile (55) 


At a fixed wall cv = 0. 


The reader may apply this method to the problem whose solution is 
expressed in (44). 


y4 
In cases where ae = 0, the substitution of (52) for (51), or the 


corresponding supposition that ¢ is unchanged by the disturbance, 
amounts to a limitation on the generality of the solution. Suppose, 
for example, that the motion takes place between two fixed walls, at 
each of which 6v=0. Under these circumstances (53) shews that 
ov = 0 throughout, or no disturbance is possible ; and this is obviously 
true if no new rotation is introduced by the disturbance. In order to 
obtain a general solution, we must retain the factor n+«U in (51), 
For any value of y which gives n+«U = 0, (52) need not be satisfied ; 
and thus any value of —«U is an admissible value of n, satisfying all 
the conditions of the problem. 

I will now inquire, under what conditions (51) admits of a solution 
with a complex value of x; or, in other words, under what conditions 
the steady motion is unstable, shi? that, for two finite or infinite 
values of y, dv =0. Let n+«=p+tig, ov =atiB, where p, qg, a, 2 
are real. ae in (51), we get 


da Hic = =["+55 p+U— ih] (a+i8): 





ae (pA) + 
or, on equating to zero the real and imaginary parts, 
@a__ 5 ,@U (p+U)a+q6 56 
eae AT ye HEP ia eee rare (56), 





= cae Uye+ Pcreeeerir rere 
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Multiplying (56) by 2, (57) by a, and subtracting, we get 


Pa PB PU g(@+R) _ da dp 
a 2 (bo ce ee (58). 


dy dy dy? (p+ Uy +¢ dy dy 


At the limits 6v, and therefore both a and £, are, by hypothesis, zero. 
Hence, integrating (58) between the limits, we see that g must be zero, 
waa 

dy? 
the velocity curve is either wholly convex’ or wholly concave for the 
space between two limits at which cv =0, the motion is thoroughly 
stable.* This result covers all the special problems of motion between 


walls previously investigated. Its application to jets, for which 
2 


U 
a 
open. 

Another general result worth notice may be obtained from (51). 
Writing it in the form 








be of one sign throughout the ‘range of integration ; so that, if 


changes sign, leaves the question of stability or instability still 


eu 
4 "47 
K 


we see that, if is real, dv cannot pass from one zero value to another 
ian ON 


zero value, unless ; 
dy 





and n+«U be somewhere of contrary signs. 





Thus, if we suppose that U is positive, and a negative throughout, 


and that V is the greatest value of U, we find that »+«V must be 
positive. For an example see the equation immediately preceding (44). 

If the stream lines of the steady motion be concentric circles instead 
of parallel straight lines, the character of the problem is not greatly 
changed. It may be proved that, if the fluid move between two rigid 
concentric circular walls, the motion is stable, provided that in the 
steady motion the rotation either continually i increases or contiamally 
decreases in passing outwards from the axis. 


* More generally, the same conclusion follows if the ratio 222 : 6v has real values 
at both limits. iy 
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Notes on a General Method of Solving Partial Differential Equa- 
tions of the First Order with several Dependent Variables. By 
H, W. Lioyp Tanner, M.A. 


| Read March 11th, 1880. ] 


1. The following notes relate to a method of solving equations with 
several dependent variables, which is a generalization of the process 
employed in the case where only one dependent variable occurs. The 
extension to the more general equations herein considered is easy, but 
it is perhaps worth stating since it leads to this curious conclusion ; 
that the solution of such equations depends upon the solution of an 
auxiliary system similar to that which is required in the integration of 
equations with one dependent variable, but involving differential 
coefficients of the second or higher orders. 





When there is one dependent variable, z, we determine p; (or =) 
by means of equations ie 
F, = 0, UU ORE Pe iy ast 
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each I being a function of the y’s and the variables z,#. The form 
of the functions, F',is derived from certain equations obtained from 
the identities dpi _ IPs — 9, 
da; da; 

It so happens that the equations for the determination of F’, may be 
expressed in a form, the theory of which is well known ; but this form 
does not appear to be capable of extension to more general cases. 
When all the F”’s are determined, the p’s are given by algebraical 
processes, and z is determined from an integrable equation 


dz—Xp,dx; = 0. 


This theory has been discussed at some length, ‘‘ Proceedings of London 
Mathematical Society,” Vol. ix., pp. 77, &c., and the F-equations there 
given are of the same general type as those hereinafter obtained. 


2. In the case in which we have m dependent variables 
Rites Ome 
and » independent variables %, % ... #,, 
the most obvious analogue to the process just described, would be to 


dz; 
dz; 





determine 


by means of mn equations ea), 


and to determine the forms of F by relations derived from the identities 
Geer Oe ek 
div,’ dary ding * dl, 
Hach of these identities gives a relation between the F’s; so that these 
mn functions are the solutions of jmn(n—1) differential equations, 


which are of a very simple form. Represent, for convenience, oe by 
zj, and consider the Jacobian da, 
GME ced OM, 

A GlLe. 0 ny 
in the numerator of which are all the F’s, in the denominator all the 
differential coefficients 77. If from this we form another Jacobian by 
substituting x, for 7, a third by substituting «; for 7k, and express that 
the two Jacobians thus derived are identically equal, we obtain one of 
the equations for the determination of the Fs, viz., the one derived 

ale Ae ath ie 2 Oe; 
dx, da; dt," da, 
.lf we suppose that the sh may AB or % ... Zn, We must replace 
22 


, say, by the sum — te xi (ht) — ~ 
vy 





from the identity 
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and the effect upon the Jacobians is similar, viz., each is replaced by a 
sum of Jacobians. Judging from analogy, we infer that this increase 
in the number of terms does not increase the difficulty of solving the 
system for I. 

If the equations for F’ could be solved, we should be able at once to 





solve any proposed system of equations in vi Amongst the F’s we 
v; 

should include the proposed system, and then determine the other F’s. 

From all of these we may, by algebraical transformations, obtain 


dz; ee : ; 
‘as explicit functions of @,, % ... ny, % s+» 2m) and arbitrary parameters. 


v; 


‘These values make the system 


dz; _ dz, 
— dz, — + da, —— d= 
de roa oda de 


Sind dE 7: 


an integrable system, from which 2; is to be determined by well-known 


dz;— 


processes. 


3. Another course is open to us, leading to an auxiliary system of the 
same general character, but with a different number of /’s, and con- 
sisting of a different number of equations. In some cases one process 
will be more convenient, in some cases the other; and, besides the 
advantage of having a choice, there is the further result that we get 
two distinct auxiliary systems, which must be equivalent, and thus 
may get hints as to the possible transformations of such systems. 

For the application of the second method, we suppose that the equa- 
tions to be solved are presented in what I have elsewhere* called the 
homogeneous form. The differential coeflicients only occur in J. acobians 
of the n™ order; viz., in the determinants of the matrix 


dz, dz, (1) 
da, yaa Hid oS d. Un COR OCECHOTOD VED Cede Ete eseUeeES OSE BBS 
de ‘dam 

| dx, : da n 


Kach equation is algebraically homogeneous with respect to the 
Jacobians, and besides them involves only the independent variables 
a,...%, Should the given system not be homogeneous, it can be 
reduced to that form by transformation, the new system having m 
dependent, and, generally, m+n independent variables. It will be 
convenient to keep mm, » as the numbers of z’s and z’s in the trans- 


formed equations, and it appears that n must be greater than m. . 


—_— 








* “ Proceedings of London Mathematical Society,”’ Vol. ix., p. 41, é¢ seq. 
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The equations being in the homogeneous form, we may, instead of 
dz; 

dx; 

investigate the values of the Jacobians (1). To do this, it is only 
necessary to write down the relations which are identically satisfied by 
the Jacobians, and then, supposing these to be given by u equations, 


Bia), Gig 3 Oia. , Bacar O, 
to transform these identities into their expressions in terms of F. 
Since all the determinants of (1) involve 2, ... z,,, any one of them 


will be distinguished by the subscripts of the ws it involves; we shall 
so indicate the Jacobians in the sequel, unless otherwise stated. 


seeking the values of 


4, The first set of relations are purely algebraical, and arise from the 
fact that the Jacobians are determinants of a matrix. They may be 
thus expressed. ‘Take any set of m suffixes, say, 1, 2...m; and let 
1’, 2’... m’ represent groups, each of m—1 suffixes, and so arranged 


that each of 11’, 22’ ... mm 


is composed of 1, 2... m, and is reducible to this order by an even 
number of transpositions.* Let p be any subscript, and p’ any group 
of m—1 subscripts, selected from 1, 2... m, mn+1.... Then we have 


the identity 11’. pp'= 1p’. pl’+ 2p’. p2’ +... bmp’. pm’ 0.00. 000004(2), 


where pp’ represents a Jacobian involving #’s with the m subscripts 
pp, and similarly for the other symbols. 
The number of independent equations (2) may be thus determined :— 


n! 


The Jacobians of the system (1), are in number —_—., = yp, say. 
min—m! 


We shall show that these w Jacobians are, in virtue of (2), equivalent 
to a system of m(n—m)+1 only;.the reduced system consisting of an 
arbitrarily selected Jacobian, say (12... m), and the m (n—m) formed 
therefrom by replacing one of the. m symbols 1, 2...m by one of the 
m—m symbols m+1...n. Hence the equations (2) are equivalent to 


independent relations. : 

It remains to show that the reduced system above described, is 
really equivalent to the complete system (1) ; that, the reduced system 
being known, all the determinants of the complete system are also 


* When m = 2, this arrangement is not possible, since I’, &c., are single sub- 
scripts. In this case the equation (2) is replaced by 
12. pp'’= lp’. p2 — 2p’. pl 
(or an equivalent), p, p’ being any two subscripts. 

The equation (2), and the special case just noted, are include| under one form in 
a paper by Prof. Cayley, Quart. Journ., xv., pp. 55—87. ; 
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known in virtue of (2). Suppose, then, we know the Jacobian (12...m), 
and those derived from it by a single replacement (say, its primary 
derivatives). In (2), let p be any one of the n—m symbols m+1... n, 
and suppose p to be made up of one of these »—m symbols, together 
with m—2 of the range 1,2...m. Then pp’ is a secondary derivative 
of (12... m), and, by properly choosing p, p’, it may be made any one 
we please of the secondary derivatives. All the remaining symbols in 
(2) are primary derivatives (since each involves only one subscript 
outside the range 1, 2...m), and are therefore known. Hence we can 
determine all the secondaries, when all the primary derivatives are 
known. Similarly, the tertiary derivatives can be found from the 
secondaries, and so on; so that, as stated above, all the determinants 
of the matrix (1) are known, if only we know the value of any one of 
them, and all its primary derivatives. 

The relations (2) may be used in two ways. We may seek the value 
of each Jacobian of the complete set, and regard the equations (2) as 
so many data towards that end. Or we may use them at once to 
eliminate from a system of equations proposed for solution all the 
Jacobians, except an arbitrarily chosen one, and its primary derivatives. 
The latter appears to be the more convenient process, since we have 
not only a smaller number of Jacobians to determine, but the difficul- 
ties of notation are materially diminished. From the results of Art. 5, 
it will, however, be seen that the balance of convenience is in favour of 
retaining the complete set of Jacobians. 


5. Besides the algebraical identities above discussed, there is another 
set, involving in their expression the differential coefficients of the 
Jacobians. They may be thus described :—Take any determinant of 
the matrix 














a d (4) 
da,’ dit, ak Ae dx,, COO Fee eee eee rereeraasese 3 
di, diy diy 

ya) os eee 
dw, da. dit, 
dem zm iin 
dz,’ das dx, 





and develope it by the ordinary rule as a sum of products of the ele- 
ments of the top line with their conjugate minors. for instance, 
supposing m = 2, we should have 


Bis oO iste Oe A eee 
7, Waa OT 5G) = 0 


It is known* that these equations, combined with the algebraical eqna- 











* See ‘‘ Proceedings of London Mathematical Society,”’ Vol. x., pp. 69, ef sgq. 
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tions of Art. 4, are necessary and sufficient to ensure that, for instance, 
(jk), (ib), (G) = soa) 

(2%, &;, &x) 
in other words, that there are functions z,, z, such that (jk) is the 
Jacobian of them, with respect to a, a, 
In the general case, we obtain 
n! 
m+l1!n—m—1! 
equations ; viz., one equation is obtained for every group of m+1 


columns, 7, j, & ... 1, that can be selected from the » columns of (4) ; 
the equation being 


d . d . d ee 

tae h eee l Tye ay UE oe. a eae =? % . =I) watiewe ° 
om (jk ... 0) is (ak... + FA (yj ... ly—&e. = 0 (9) 
These equations are mutually independent. 


We can now choose one of the two alternatives suggested at the end 
of Art. 4, Suppose »=4, m=2. Then we have one algebraical re- 





lation Dera aU Arte 1 4y, Ober (ee ee (a) ; 
and four differential relations 
d d ad 
oS eae are = 
dit, div, so dé, ey 0 
pV a A ae ae Cn 
da, dis dit, (0) 
Rite Gabel, airy Srp tags ariel rheah | | 
dx, da, da, | 
d d d 
seg Be aa Se = 
da, dit, nt eas e “| 


Say, we select 13 as principal Jacobian ; then all the Jacobians except 
24: are included in the reduced system. To eliminate this, we must re- 
place it, in (61), (08), by its value deduced from (a). This being done, 
(D1), after simplification, becomes an equation linear with respect to 
the differential coefficients of 34, 13, &c.; but the co-factors of these 
differential coefficients are binary products of 34,18, &c. Also the 
four equations cannot be mutually dependent, for each contains a 
differential coefficient not contained in any of the others; viz., 
S 13, = 13, ale and rab occur, each in only one equation. 
Hence the effect of removing 24, is to increase the complexity of the 
differential equations, without diminishing their number. Besides 
this, it is not obvious what is the general form of the differential equa- 
tions when only the Jacobians of a reduced system are explicitly in- 
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volved ; and the advantages of working with a smaller set of Jacobians 
seem to be more than counterbalanced by the disadvantages of losing 
such a simple general form as (6). Hence we elect to retain the full 
set of Jacobians, and to look upon (2) as given relations between them. 
The question is, it may be remarked, purely one of convenience, as the 
process of solution is virtually the same whichever course we adopt. 


6. If the u Jacobians (12... m), (7 ... 1), &c., instead of being given 
explicitly in terms of a... @,, be given by means of » equations 
Ht asses 0 eal eae Ot ah eal, 
the functions #’ must satisfy certain conditions in order that the re- 
sulting values of (12... m), &c., may satisfy the relations (9). It is 


easy to write these conditions down by making use of the following 


notation. The Jacobian of fF... f,, with respect to the » quantities 
(12... m), (7... J), &e., will be denoted by | ; the Jacobian formed 


4 cae 
erly 





from this by writing w, instead of (7... 1), will be written ; 








and similarly for others. Making use of the theorem 


Yinort 
k 


we obtain at once the following equivalent to (5), 


ee - & = 0 (6), 
j 


San 


7 
da, 














Woot 


aeth = 
i I 














each term being, as explained above, a Jacobian of F’,... f,. The two 
systems (0), (6) are exactly equivalent; either is a consequence of the 
other. 


7. The application of these results to the solution of a system of 
equations in the homogeneous form presents no difficulty. Suppose 
the system to consist of 7 equations 

Biba 8 Rt facie a dace ti me 
We must supplement these by cthers 
Lette 0; sole Ho 0, | 

of which some are already known, being the equations (2). There 
are, therefore, only m(n—m)+1—r 

functions, F’, to be determined. To obtain these, we have only the 
datum that they must be such as to give values of (12... m), (i ...D, 
&ec., satisfying (5); in other words, we are only given that these un- 


known /’s must satisfy the equations (6). These equations, as they 
stand, involve Jacobians of the u™ order; but it is easy to make each 
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_ of them lineal in Jacobians of the »’ order, p’ being the number of un- 
known F”’s; this is done by developing each Jacobian in (6), as a sum 
of products of conjugate minors, one of the minors in each term in- 
volving the p’ unknown fs, while the other contains all the known 
F’s, and is therefore itself known. 


8. Supposing the system (6) to be solved, then we can, from the pu 
equations Him {0p 
find (12... m), (7 ...1), &e., by the ordinary processes of algebra. It 
is, however, unnecessary to determine the whole system; for, as will 
appear immediately, the completion of the solution only requires a 


knowledge of what we have called a reduced system, consisting of one 
Jacobiau and its primary derivatives. Say, we select (12... m) as the 


principal Jacobian, and represent it by ; any prime derivative 


formed by replacing herein x, by x, may be indicated by ; | * hes, 





I say that %, 2... %, are the m solutions of the system 

dz 1| dz 2| dz | m\| dz _ z 
| dx; i ae 4 Lin 7 sees (7), 
The same thing is stated in other words, when we assert that 


da, | dat, 
g=m+1, m+2,... 0. 
Z1, %q --» 2m are m integrals of the system 


The truth of (7) is immediately seen by observing that it is equi- 
valent to the system 




















a 
n 


dx; + eet Aina af dtmnso eae ar Ak, = 0 wa(Ged & 











a 
m+2 


(Me eee 














dz dz dz | 








a CLS ee al |e 
dt, aa, diy 
| 
diy dey dy 
9 eee ooo 
da, da, dx», | 
dz m dz m dm | 
9 eoeree 


which is evidently satisfied when z is any one of the functions %, 2, ... Zn, 
or any function of them ; and is not satisfied for any other form of z. 
In order that (7) or (8) may give m values for z, certain conditions 


? 


must be satisfied by the coefficients 











i : 
é ; and, supposing our 





reasoning to have been correct, these conditions must be satisfied 
identically in virtue of (2) and (5). It is easy to see that this is so: 
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in fact, the working has been given in a former paper of mine (“ Pro- 
ceedings of London Mathematical Society,” Vol. x., pp. 66, 67): and — 
thus we have an a postericri verification ef our results. 


9. In the process of Art. 2, and in that developed in the succeeding 
articles of this paper, the solution of any system of equations involving 


dz, 

det; 
(say, for distinction, the original system) has been reduced to depen- 
dence upon the solution of a system of linear equations (say, the 
auxiliary system), concerning which some remarks will be made. 
The auxiliary system, in its most general form, may be described as 
consisting of p equations, each of which is linear in the Jacobians of 


d, (FH, ay F) 
OM Aas TA 


Such equations are met with in the following cases :— 


the matrix 





(v>p). 


(A.) When the original system involves the first partial differential 
coefficients of one dependent variable with respect to independent 
variables. In this case, 


pon v=2n4+l, p=in(n—]1). 


(B.) When the original system is of the kind discussed in the pre- 
sent paper. Adopting the method of Art. 2, we have 


p=mn, v=mn+mt+n, p=Aimn(n—-1). 


(C.) When the second mode of solution is adopted for the systems 
of this paper, we are led to an auxiliary system, in which 


n! . n | 


n } 
”, p= ——— eee 
Rie HY m+1!n—m—l1! 


i 7 Or m (n—m) +1, v= 


m!n—m m\n—m! 


When the larger value of p is adopted, all the Jacobians in the auxiliary 
system belong to a reduced system; this is not the case when the 
smaller number is selected. The case (A) is the particular case of 
(B), (C) corresponding to m=1; and the values of up, &e., found by 
putting m=1, agree with those given under (A), with one exception. 
In (C) it is necessary that the variables z, ...z,, should not appear in 
the auxiliary system. If, then, we reduce to the case of m=], we find 
y = 2n, the variable z being excluded. 

(D.) When the original system consists of partial differential equa- 
tions with one dependent variable and » independent variables, and 
the order of the highest differential coefficient is 7, we get a similar 
auxiliary system.* The number of F’s is equal to the number of 





* « Proceedings of London Mathematical Society,” Vol. ix., p. 89. 
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differential coefficients of order 7; viz., 
_n+r—1! 
ok A aT 
The variables é are the differential coefficients of the r and all lower 
orders, together with z and the m independent variables. Hence 


n+r! 
Sy 
nir! 





The number of equations in the auxiliary system is most easily deter- 
mined thus: If we differentiate each differential coefficient of the r™ 
order with respect to each of the m independent variables, we get 

i n+r—1! 


‘ne= Li at 


different expressions. But the number of differential coefficients of 





! 
of order r+ 1 is only eae * 
ma): | ! 
n+r—l1! n+r! 


Hence th t b : —_- —_ 
Ne ia a a a r+1! 

(differential) relations between the differential coefficients of order r. 
Hach of these gives rise to one equation in the auxiliary system. Hence, 
_ n+tr—l!r 


for thi Ss, 
or this case, p eT 


(E.) Itisclear that the most general system of differential equations, 
viz., a system involving differential coefficients (of order r) of m 
dependent variables with respect to independent variables, cannot be 
solved without an auxiliary system of type now considered. Indeed, 
the process of Art. 2 may be applied at once to such systems. Pro- 
bably also a series of processes analogous to the second. method of this 
paper would be applicable. It is not to be expected that the solution 
of the auxiliary system will suffice for the complete solution of the 
original system; indeed, in the case of m=1, we know that other 
equations must be solved as well as the auxiliary system now under 
consideration ; but it is at least certain that the solution of this 
auxiliary system is an indispensable preliminary. 

It is to be noticed that in every case mentioned the auxiliary system 
involves Jacobians of a reduced system only: an exception occurring 
in case (C) only, if we take the smaller value of p. 


10. The only case in which the auxiliary system has been solved is 
that marked (A) above. But the solution depends upon a certain 
transformation which is not possible unless certain relations obtain be- 

vol. XI.—No. 161. q 
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tween pw, p. Theauxiliary system is transformed* into another system, 
in which each equation connects two only of F’s. Such an equation 


may be written (FS TF) = OO so. ... cee ceens eee (9); 


On account of the symmetry of the auxiliary system with respect to 
it is evident that the transformed system must involve all the equations 
that can be formed by giving 7, j in (9) all values from A tow. There 
is nothing to prevent (Fy Fi) = 0 

being identically satisfied; but if any equation (9), in which 7,7 are 
different, should be satisfied independently of the form of #, then the 
same will be true of the whole system (9), and the transformation is 
illusory. Thus the transformed system consists of $4 (u—1) different 
equations ; and accordingly p must be at least equal to tu(u—1). It 
appears that another necessary condition for the transformation is that 
all the Jacobians involved must be the primary derivatives of a 
Jacobian which does not vanish. A reference to Art. 9 will show that 
these conditions are fulfilled only in the case (A).. 

Possibly the following process, which is at any rate general, may 
serve to give a solution in particular cases. It is of little use in the 
general case, because our process is stopped almost immediately by 
difficulties ; but it may be that these disappear in certain particular 
instances ; moreover the mere statement of the problem in a different 
form may not be without value. 

Consider the equations as. a system for the determination of one of 
the F’s, say F',. Then each equation is a linear homogeneous equa- 


tion of the first order, the coefficients of wee being a function (linear) 





of the Jacobians of /,... ',_;. In order that this system may have a 
common solution, certain solutions must be satisfied, the form of these 
being well known. These conditions serve as a system of equations 
for the determination of F’, ... I’,_;, which, however, involve differential 
coefficients of the second order. The conditions that such a system, 
regarded as equations for F',_, say, should have a common solution, are 
not known; but they evidently will form a system connecting F, ... f',_». 
Proceeding in this way, we arrive ultimately at a system of equations 
involving only one /’; or, it may be, at a system of identities each in- 
volving wu’ F's, viz. F,... f,. (The former case corresponds to p’= 0.) 
I, ... #,, are then perfectly arbitrary ;- and, leaving them thus arbitrary, 
we pass back through the successive systems above indicated, and 
from their solution determine /',,,... /,in turn. There is the double 





* This transformation and its converse are actually completed in Arts. 3, 4, 5 of 
a paper “On a General Method of solving Partial Differential Equations,’” Proe. 
L. M.S., Vol. ix., pp. 76 et sqq. 
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difficulty of forming these systems and then solving them; but this 
does affect one result: viz., that the auxiliary system may be reduced 
to systems involving p—1, p—2,... uw’ of the F’s. These systems 
are not generally of the first order ; though, asin case (A) of Art. 9, one 
of them may be so; and it seems not unlikely, bearing this case in 
mind, that a considerable simplification in the form of the Seay 
equations may be found when they can be written down. 

The lack of symmetry in the above process is another objection to 
it; but it is not unprecedented. 


Note on the Integral Solution of a —2Py!=— 2 or £22 in certaim 
Cases. By Samus. Roserrs, F.R.S. 


[Read March 11th, 1880.] 


1. Lassume that P is a non-square number, the prime factors of 
which are of the form 8m+1. The number is therefore uneven, and 
susceptible of the three forms a’+ 16/3, a?4+ 87, and a’—8/”. 

The number of such representations is finite in the first two cases, 
and infinite in the last case. 

The forms a?+ 16," are comprised in 

(8% +s)? +167, 
where k, 1 remain unchanged in species throughout all the system for 
a given value of P, and s remains constant, having one of the values 
13: 

In fact, if a? +1607, c?+16d* ... m?+16n? are representations of the 
prime factors of P (and these may be identical in groups, so that ore 
or more prime factors enter in powers higher than the first), then, 
giving positive values to the letters, we may write 


(a+ 140) (c+ 14d) ... (m4 i4n) = 4+ ALIAB ............ (a) 


with P= A’+16B. If, therefore, ac...m =s (mod. 8), we shall 
have, independently of the ambiguity of the signs, 

Ae Ogi Soe tel, 
where /, / remain unchanged in species because the species of 
tutvtntide. is the same as that of w+v+ar7+&c. Moreover, 
all the representations of P as the sum of two squares can be obtained 
from (a). The sign affecting s in two representations of the same 


number may be different. 
sf a 2 
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It appears, similarly, that the representations of P by a’+8(" are 
comprised in (8k + s)?+87, 


where k, ] remain unchanged in species in the same system, and s is 
constant. 

With regard to the last form a?— 8/7, a new consideration enters, 
since the representations are infinite in number. 

Suppose the prime factors of P are represented by a?—8b’*, c?—8d* 

.. m*—8n’, where we have a?>8b’, c?>8d’, &., then all the similar 

representations of P immediately depending on these particular repre- 
sentations of the prime factors, are obtained by means of 


(at f/8b) (c4+ /8a)...(m4 VJ8n)=+tAt SBB...... (b). 
Henee, if ac... m =s (mod. 8), 
Ae 804-5. ¢ Bau. 


where, as before, &, / remains unchanged in species, and s is constant, 
and remains of the same sign throughout. In this case, we suppose s 
to have one of the four values +1, —1, +3, —3. 

In order to obtain all the other representations by means of the 
foregoing group derived from (0), it is necessary and sufficient to make 


use of (A+./8 B) (p+ V8q) =4 43 V8B, 
where p?—8q? = 1. 

For all the solutions of a7—8y’? = p, where p is a prime, are obtained 
by means of (a—/8y)(X+ /8Y), 
when X’—8Y*=1; consequently, when a?—8,’=FP’, the prime factors 
of P’, being of the form a*—8’, can be similarly obtained. As was 
noticed by Lagrange, and is now well known, this result does not hold 
always when P’ is composite, because we have different conjugate pairs 


of incongruous roots satisfying n?—8 = 0 (mod. P’). 
The representations of p’—8q° = 1 are of the forms 


(8H +1)?—8 (2y+1)?, 


or (8u+8)?—8 (2). 
So that we may write A’=8k+s, B=l, 
or A’ = 84-35, B= 1, 


the species k, / remaining unchanged, and s being constant and affected 
with the same sign in all the system. 
Hence the representations of P by a*—8(? are comprised in 


(8k+s)°—8?, 
or (8k +3s)’—87?. 


* 
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The species of 7 is at once determined by means of P=1 C194 16), 
or P = 9 (mod. 16), as the case may be. 


2. We have next to determine certain relations in which the three 
classes of representations stand to one another, and, for this purpose, 
proceed by way of exclusion. 

We cannot have 


(8a + 1)?+16 (2641)? = (4 + 1)74+8 (21)’............ (c). 
For suppose 84 +1>8a+1, then 
(8k + 1)’—(8a +1)? = 16{(2641)?—2?}. 

Any odd factor common to (84 + 1)—(8a+1) and (8k 41)+(8a+1) 
is also common to 8k +l and 8a+1. Also, 44a must be odd, since 
(Axa) {4(k=a)+1} = 264+1)?—2?, 
and since 4 (k= a)+1 is of the form 8m+3, the first factor kta 
must have in common with the second a factor of the same form 
which will also be a factor common to 26+1 andl. It is also com- 
mon to 8k+1 and 8a+1 by what precedes. This result is contrary 

to our primary supposition, and hence the equality (c) cannot hold. 
A similar conclusion follows if we suppose 8a +1 >8441. 
In the same way it will be found that the following equalities cannot 


hold (8a+1)?+16 (28)? = (8k+43)?+8 (214+1)’, 
(8a + 3)?+16 (2641)? = (8h £1)?+8 (2141), 
(Sa + 3)?+16 (28)? = (8h +3)?+8 (21). 


Again, we cannot have 
(8a +1)+16 (26+1)? = (844+1)?—8 (21)’, 
or (8k+3)?—8 (2141). 
In fact, taking the first form of the equality, and supposing 
8k+1>8a+l, 
we have (ka) {4(k+a)+1} = (26+4+1)?+27, 
and ka = 2n+1 gives 4(kK4a)+1= 8m—3. It follows that a 
factor of this form must be common to 8a+1 and 23+1, contrary to 
our supposition. The result is similar if we suppose 8a +1>8kh+1 


and, for like reasons, also the second form of the equality is impossible. 
Following the same method, we find that the following equalities can- 


not hold:— (8a+1)?+16 (26)? = (8k—1)’—8 (21)’, 

or = (8k—3)?—8 (214+ 1)’; 
(8a + 8)?+16 (264+1)? = (8k+38)?—8 (21)’, 

or = (8k+1)?—8 (2/+-1)’; 
(8a + 3)?+16 (28)? = (8k—3)?—8 (21), 


or = (8k—1)’—8 (21+ 1)’. 
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On the other hand, we have the following compatible coexistent forms : 


Tr 
Cg 2 (21 4.3)? 2 (8h—1)'—8 (21) 
(8a + 1)’+16 (26+1)’, (8h +3)'+8 (21+ 1)’, (8k —3)?—8 (214+-1)%. 
II. 
as s,erons  (8k+1—8ne 
(Sask 1) P16 (28)5) (Ghat 8 205 | (op. see 
III. 
es are Cree 2 (8k—1)?—8 (27+ 1)? 
(2a 268) 118 (28 thy ABh 8) 8 (2030 (3p aa 
IV. 


(8k +1)?—8 (21+ 1)? 
(8k+3)?—8 (21)? 


3. We have next to apply the foregoing results to the equations 
x°—2Py? =— < or + 22’, in which we shall suppose z to be prime to y. 

In the first equation, let y=p’+4q? or vy’ =(p?—4q°)?+16p79’, 
QP = (p?—4q° + 49)? +(p?—4¢ —4pq), which last is of the form 
(8u+4 1)?+(8v + 1)’, p being odd and qg odd or even. 

If, now, P belongs to set L., we get 


2Py? = (8u + 8)? +(8v + 8) 


(8a + 3)?+16 (26), (8h 1)?+8 (2141), 


by means of the product 
{8at1+74 (2641)! {8u+1+7(8y+ )}. 
Again, if y is of the form p’+ 2q’, 
y” — (p° — 29)? + 8p"q” —_ (Su + 1)?+ 8r7, 
we have Py’ of the form (8u + 3)’+8w? or 2Py’ = 16uv?+2 (8v + 3)?. 
Lastly, if y = p’—2q°, y = (py +2¢")?-8p'¢ = (84 +1)?—8 27)’, 
or (8u+3)?—8 (2v+1)’, Py?’ is of the form (8k—1)?—8 (21)? or 
(8k—3)? —8 (2141), that is to say, of the form 
2 (8k—1 + 41)’—(8k—1 +4 81)? 
or 2 {8k—3 + (414+ 2) —{8k—3 + 2 (474 2))?, 
and we get 2Py? = 40? —2 (8v +1). 
Similar results are arrived at when P belongs to one of the three re- 
maining sets; so that we get finally the following systems corres- 
ponding to the four sets : 
2 
2Py? = (8u+ 8)?+(8v + 8)?, 
2Py*? = 16w?+2 (8v+ 3)’, 
2Py? = 4wW—2 (8v +1)’. 
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LD 
2Py? = (8w+1)?+(8v+ 1)?, 
2Py? = 16w?+2 (8v +1)’, 
2Py? = 4w?—2 (8v +1)’. 

Tite 
2Py? = (8u+1)?+ (80 +1)’, 
2Py? = 16u? +2 (8v + 8)?, 
2Py? = 4v?—2 (80 + 8)’. 

IV. 
2Py*? = (8u+ 3)?+ (8v + 3)?, 
2Py? = 16u?+2 (80 +1), 
2Py? = 4u?—2 (8v + 3)’. 


4. If P is a prime or the odd power of a prime, one of the three 
following equations must hold in integers: x?—2Py?=—1 or +2 
or —2. And the forms of the last article shew that— 

Gi.) If P is of the set III., the equation #’—2Py? =— 1 is always 
possible. 

(ai.) If P is of the set I., the equation 2—2Py’? = +2 is resoluble. 

(Giii.) If P is of the set IV., the equation x —2Py’ = — 2 is resoluble. 

Lastly, if P is of the set II., it remains doubtful which of the three 
forms of the equation is resoluble. 

In stating negative results, we may regard P as having its wider 
meaning, and then we have the following :— 

G.) If P belongs to the set I., 2? —2Py? =— 1 or —2 is impossible in 
integers. 

(ii.) If P belongs to the set III., 2—2Py? =+2 or —2 is impossible 
in integers. 

(iii.) If P belongs to the set IV., 2? —2Py’? =—1 or +2 is impossible. 

We get also impossible forms involving fourth powers from the 
consideration that (84—1)’, (8% +3)? cannot be integer fourth powers. 


Notes (1) on a Geometrical Form of Landen’s Theorem with regard 
to a Hyperbolie Arc; (2) On a Class of Closed Curves whose ares 
possess the same property as two Fagnanian Ares of an Ellipse. 
By Joun Guirrirus, M.A., Jesus College, Oxford. 


[Read March 11th, 1880. ] 


In the following notes the quantities r, p,¢ refer to a point on a 
curve, viz., r is the radius vector of the point, measured from the 
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pole of the curve; p the length of the perpendicular from the pole 
upon the tangent at the point; and ¢ the length intercepted on the 
tangent between its point of contact and the foot of the perpendicular 
in question ; so that 7” = p’?+?. 


1. If we take an ellipse (axes 2a, 2b), the differential equation inr and 


27,2 
p, when the centre is pole, is known to be B20) =a?+b?—r’; or, if 


ie 


a=1,  =1—e’, this is = 2—e’—r*. Hence, writing 1-7? =’, 





e — (l—e’) = Mss 2—e’—7?= v*, we have 


f= P—p? 
iS 
a ght nat cee are 
=e 77 
_ —?”) (Pr -1—e’) 
2—e—7 
meas 
y? : 
VC ry ,_ Aw 


Again, if we consider another ellipse, semi-axes (l+e, 1l—e), 


(fees 2 2, : ry Pe 
= 2(1+e)—r’; or, since V+? =e’, p’?+r =d, 


"2 





we have 
2 2\2 
this is aegis —_ 4? +2 4272—4 ; 


so that, if p’ be taken equal y—X, then +? = 4u?+ (v—\))?’, and, conse- 
quently, ¢ = Qu. 
Lastly, if we consider the hyperbola 


2 2 
ALE es) = 1—2¢?+7 (transverse axis 2e, eccentricity = i} 
Ny e 


21 2) (2 V2 
we have 1 es sat yes w+ v?—2 (24 pw?) 47? 
= p24; 
2,,2 
1.€., if p’ be taken =A, then r? = 4 +X, and f = - 


Calling the two ellipses in question H, H’, and the hyperbola H, we 
see, therefore, that there is a certain correspondence between a point P 
on H; P’ on #’; and P” on H;; viz., if, for instance, P be an extremity 
of the minor axis of H, A = e, 4» = 0, v= 1, and, therefore, p’ = 1—e, 
and p” =e; «e., to an extremity of the minor axis of H# corresponds an 
extremity of the minor axis of H’, and, at the same time, an extremity 
of the transverse axis of H. 
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Landen’s theorem follows at once, from the above, in the following 
geometrical form 2% +s"—s=¢+t’; 
s being the arc of H measured from the end of the minor axis; s’ that 
of H” measured in like manner from the corresponding point; s” the 
arc of H measured from the end of the transverse axis ; and ¢, t” being 
the intercepts, as above, upon the tangents at P’, P” to the ellipse H’ 


and hyperbola H, respectively. 


Proof.—By an elementary formula ds = a PUG, peer lee 


a ‘pee AdA 
=- (2 


4 


sal lira 
java! 


. 2 rdr 
again, s= ; 
ie | 2AdA +d ceu)) 
2p 
since ¥? = 4yu?+r?+N—2dv, and V+w=e, W—-NvN=1-e'; 
and, consequently, 27'd7” = —8Ad\ + 4AdA — 2d (Av) 
= —4\d\—2d (Av). 
r ar’ 


Lastly, a {ae 








a (2 ap + t”, since r? =p"+t" 


t 
= [av a[ee a [AT te 


BY 
rv 
therefore 2s'+s”"—s = — lee ws (20 fi (eas 4 e+ (ee 
bre Ee B be 
=| 44 
Jot 
— Qu+’, 
or Os gas a eb ae 


27,2 
2. Since the equation of the ellipse a gt pr remains un- 


changed when a’?+b’—yp’ is written for r’, and a’?+l’—7r’ for p*, we 
may say that this curve is self-corresponding, 7.e., to a point P (7, p) 
on it corresponds another point P’ (7’, p’) such that p? = a?+b?—7’, 
and r” = a?+b?—p’; consequently ¢ = t. 
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Hence is rd 


t 
Bey 22a 
f 
{dt —9r'dr’ 
t’ 
or ds= dt'+ds ; 
if s be measured from the extremity of the minor axis, say, and s from 
that of the major axis; 7.e., s—s’ = 1%, which is Fagnani’s theorem. 
It is easily seen, therefore, that in regard to this property the ellipse 
belongs to a class of closed curves given by the differential equation 
Fip(@?+'—7), 7 (@+P—p*), ch} =0; 
where F' is an arbitrary function, and ¢ is a constant. 


The above result, as regards Landen’s theorem, may be illustrated by 





BY aes, 
} 
Q 
Cc a i 
a 
Fra. Wra.2i 


means of figs. (1) and (2). Where the semi-major axis of ellipse APB 
is CA =1, and eccentricity e; semi-major axis of ellipse A’P’B’ is 
CA’=1+e, and semi-minor axis 1—e; semi-transverse axis of hyper- 


bola CA” =e, and eccentricity Ls 
e 


Also P, P’; P” represent corresponding points on the respective 
curves. For example, the extremities of the respective minor axes 
B, B, and A”, a vertex of the hyperbola, simultaneously correspond; so 
that, if CY’, CY” be the perpendiculars from C on the respective tan- 
gents at P’, P”, we have 


P’Y”—arc P’A” = 2 arc B’P’—arc BP—PY ; 
or, if Q’ be the corresponding Fagnanian point of P’, this may be written 
P’Y”—arc P’ A” = arc BP’ +are A’Q’ —arc BP. 


It is to be observed that, when the point P” goes off towards infinity, 
the point P on the ellipse H tends to coincide with A; and also the 
points P’, Q on the ellipse H’ tend to coincide with each other ; so that, 
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in the limit, the difference between lengths of asymptote and infinite 
are of hyperbola equals the difference between two elliptic quadrants— 
a result also due to Landen. 

The above may be proved as follows :—When P” is at infinity, p’= 0; 
so that A = 0; 7.e., P coincides with A. 

Also for P’ we have p’= »y, since X = 0, or p’>= /1—&; but when 
P’ and Q coincide, we have (p’)’= (1+e) (1—e) 


= 1—-e’. 


Hence P’ and Q’ coincide when P” is at an infinite distance. 


April 8th, 1880. 
C. W. MERRIFIELD, Esq., F.R.S., President, in the Chair. 


Mr. James Barnard, M.A., of St. John’s College, Cambridge, was 
elected a member, and Mr. T, Olver Harding was admitted into the 
Society. 

The following papers were read :— 

‘A Form of the Equations determining the Foci and Directrices of 
a Conic whose Equation in Cartesian Coordinates is given:’’ Prof. 
Wolstenholme. 

“The Application of Elliptic Coordinates, and Lagrange’s Equations 
of Motion to Euler’s Problem of Two Centres of Force:” Prof. Greenhill. 

*‘ Theorems in the Calculus of Operations :”’ Mr. J. J. Walker. 

“On the Equilibrium of Cords and Beams in Certain Cases :” Mr. 
W. J. Curran Sharp. 

“On Steady Motion and Vortex Motion in an Incompressible 
Viscous Fluid :” Mr. T. Craig. 

“On Functions analogous to Laplace’s Functions:’ Mr. H. J. 
Routh, F.R.S. 

The following presents were made to the Society :— 

* Hducational Times,” April 1880. 

“Washington Observations, 1876.” Appendix II.— Reports on 
Telescopic Observations of the Transit of Mercury, May 5, 6, 1878. 

* Atti della Reale Accademia dei Lincei,—Transunti,” Fasc. 4°, 
Marzo 1880, Vol. iv.; Roma 1880. 

Various papers and notes that have appeared in the “ Quarterly 
Journal of Mathematics,’ and “The Messenger of Mathematics,” 
during the year 1879: by J. W. L. Glaisher, F.R.S. 

“ Report of British Association Committee on Mathematical Tables,”’ 
drawn up by J. W. L. Glaisher, F.R.S. 
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‘On the Value of the Constant in Legendre’s Formula for the num- 
ber of Primes inferior to a given number :” by J. W. L. Glaisher, F.R.S. 
(Proceedings of the Cambridge Philosophical Society, Vol. i., Part 
Vii.) 

** Note on the Enumerations of Primes of the forms 4n+1 and 
4n+3” (British Association Report, 1879): by J. W. L. Glaisher, F.R.S. 

‘Separate Enumerations of Primes of the form 42+1 and of the 
form 4n+3” (Proceedings of the Royal Society, No. 197, 1879): 
by J. W. L. Glaisher, F.R.S. 

‘“*On Definite Integrals involving Elliptic Functions” (Proceedings 
of Royal Society, No. 198, 1879): by J. W. L. Glaisher, F.R.S. 

‘“‘ Values of the Theta and Zeta Functions for Certain Values of the 
Argument”? (Proceedings of Royal Society, No. 198, 1879): by 
J. W. L. Glaisher, F.R.S. 

“Bulletin des Sciences Mathématiques et Astronomiques,” Tome iii., 
Decembre 1879; Paris, 1879. 

“ Beiblatter zn den Annalen der Physik und Chemie,” by G. and EH. 
Wiedemann, Bad. iv., Stiicke 4 & 5. 

“‘ Proceedings of Royal Society,” Vol. xxx., No. 202. 

‘Transactions of the Connecticut Academy of Arts and Sciences,” 
Vol. v., Part 1; Newhaven, 1880. 

“On the Extra-meridian Determination of Time by means of a 
portable Transit-instrument,” by Osmond Stone, A.M., Astronomer at 
the Cincinnati Observatory. 

“American Journal of Mathematics, Pure and Applied,” Vol. ii., 
No. 4, Dec. 1879; Baltimore, 1880. 


On Functions analogous to Laplace’s Functions. 


By H. J. Rouru, F.R.S. 
[Read April 8th, 1880.] 


ConrENTSs. 

Arts. 47—49. Brief statement of some results given in a former 
paper on the subject. Object of the present paper. 

Art. 50. Geometrical meaning of the symbol p. 

Arts. 51, 52. The values of p are all real. They cannot be negative 
if the coefficients of the differential equation have certain 
specified signs. 

Arts. 53—55. Some simple limits are found between which the values 
of p must lie. Foot-note on a theorem of Dr. Salmon’s. 
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Arts. 56, 57. The function X, which corresponds to the least value 
of p, keeps one sign throughout. 

Arts. 58—64. The roots of the equation X = 0, which corresponds 
to any value of p, separates the roots of the equation X = 0 
which corresponds to a lesser value of p. 


47. In a paper which was published in the last volume of the Society’s 
Transactions, I discussed a method of forming functions X, Y, &c., 
possessing the double property, that (1) {| XYdv = 0, and (2) that any 
function could be expanded in a series of such functions. This method 
was purely analytical, and depended on certain elementary properties 
of quadrics. The method, in the first instance, led us to certain equa- 
tions of differences, and thence, by taking the limit, to certain differential 
equations. These when solved gave the functions X, Y, &c., all the 
constants, except one, being determined by given conditions at the 
limits. These equations might have any number of independent 
variables, and were all of an even order. 


48. To save reference to the former paper, we may state that, when 
there is but one independent variable, the general form of the differential 


ee ad (,aX\ , 2 ( ax 
; aes = —- — —-avc. = A®) 
equationis aX rp (v Fe se ie \° de &e. = pA*x, 


where a, 0, c, &c., and A’ are all functions of xz, to be chosen at our 
pleasure, but independent of p. The values of p and the constants of 
integration, except one, are determined by the conditions 


p Af (6 52) 4 bo, = 1X 





dz dx da? 
ox sie 
ee ee = \ — 
- dx’ ts dx \ 
&e. = &e. 
which hold at one limit, say «=a, and 
aX_d (, PX) 4 46 
; da dz da? pica, oy , 
SC. we. 


which hold at the other limit, say z=. Here AN, &e., pp’, c&e., are 
constants at our disposal, but they must be independent of p. In this 


way, we find X = Ty (a, p), 


where LZ is an undetermined constant and p is given by an equation 
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which we may write Fi) ==.0: 
If p, ¢ be two different roots of this equation, then 


[44 (@, p) ¥ (a, q) dx = 0. 


49. The simplest form of the equation will be 





d ak: 
—— (b ——) = pA?X 
Pe die (3 - p . 
where we restrict ourselves to the second order. The conditions at the 
limits are b eG AX, when z=a 
da 
aX 
b 7 =— uX, when «= fp 


In this form the equation represents the motion of heat ina bar. The 
functions a and } depend on the coefficients of cooling and conduction 
and on the area and perimeter of the section. With this interpreta- 
tion, it is essential that the functions a, b, and A’ should be positive 
from one end of the bar to the other. The constants >» and « must 
also be positive. 

This simple form of the equation has been discussed by C. Sturm in 
the first volume of Liouville’s “Journal.” I have not yet examined 
the whole paper, but*he gives a very full introduction, in which he 
sums up his more remarkable results. These are of two kinds,—first, 
those which relate to the properties of the equation to find p, and 
secondly, those which relate to the properties of the function X. 

(1). He remarks that Poisson has shown that the equation to find p 
has no imaginary roots. He now shows that the equation has no 
negative or equal roots. 

(2). None of the functions X, Y, &., can vanish without changing 
sign. 

The first of these, z.e., the function which corresponds to the least 
root of the equation to find p, preserves one sign from one end of the 
bar to the other. The second, ¢.e., the function which corresponds to 
the next smallest root, changes sign once at a point somewhere between 
the two given extremities of the bar. The third changes sign twice, 
the fourth three times, and so on. 

Two functions corresponding to two consecutive roots change sign 
alternately, one after the other, that which corresponds to the greater 
vanishing first, as we proceed from end of the bar to the other. 

Analogous theorems are then proved relative to the maxima and 
minima values of these functions. 
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I propose to show in this paper that some of these results follow at 
once from elementary properties of the quadrics made use of in my 
former paper. Many of the properties are true in the general case, 
when we do not restrict the differential equation to be of the second 
order. They are also true when the functions are given by an equa- 
tion of differences. 

This, however, is not the communication alluded to in the preface 
to my former paper. 


d0. To find the geometrical meaning of the symbol p. 
Consider the two quadrics 


iE SE Nell seh ie 9 BAU Oa tae ay 
See AID GAO | Am oot Te aS (2). 


We seek (as in Art. 6 of the former paper) the common conjugate 
diameters of the two quadrics. Let X,X,.., X, be the coordinates. of 
the extremity of one such diameter, then* 





dU 
A; 
ec aan 
DAES Nee. Oe odin Ct ee aa RAPA MEP RE ria lee At (3). 
aX, = pA, X, 
ae. == &e. 


Let this diameter cut the first quadric in P and the second in Q. This 
is, of course, a short mode of stating that, if X,X,... X, be obtained 
from (1) and (8), then 


Oye Pk! ibs bX 
but if X, X, ... be obtained from (2) and 3), then 
OU Xe BOXES 


If we now multiply equations (3) by X,X,... X,, and add the results, 
we find, if X, X, ... X, be the coordinates of Q, 


peers CARE Pa PUAE XT ) cunurain ts ls, snr (4). 


* The property =4?XY=0 follows at once from these equations without 
assuming the reality of the values of y, or referring to any geometrical property. 
- Let g be another value of p, and let Y, Y,... be the corresponding values of X,X,..., 


A dU dU 
then we easily find XxX, a Y; aX, = (p—q) AS X, Y;. 
Substitute for U and sum for all the suffixes ; we have 


0 =(p-g) S4°XY. 
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a aay OP? 
P= 3p (0a) 


If we eliminate X,X,... X, from the equations (3), we of course get 


This gives at once 


the determinant Oy — PA, sy) Oy, on = 0.00. (6) 
Ay25 Ago —pA° ’ 
&e. 


already given in the article referred to in the former paper. 


51. The values of p given by the determinant are all real. 

Three different proofs of this proposition have been given by Dr. 
Salmon in his “ Lessons on Higher Algebra.” The proof given by 
Poisson, in Art. 90 of his “ Théorie de la Chaleur,” is applied to the 
case of a differential equation of the second order, but it may easily be 
extended to the general case of a differential equation or an equation 
of differences of any order. 

If possible, let p = h+k~”—1 be animaginary root, then, substituting 


in equations (3), we have 
ee eee 
L+U,V/-1 £,4M,/—1 


But we must also have another root, viz., p = h—k/¥—1. Substituting 
this also in the same equations and representing the new values of 


X, X;, &e., by Y, Y,, &c., we have 
AB ae ee 
I Bop Fee Ad De alk a ee eed) 
But we also have Al X,Y, +4) Xs Y,+5.- ='0. 
This leads to Ai (Zi + M?) + 4} (2 + M3)+... = 9, 


&e. 


which is impossible if A} A>... be all positive or all negative. 


Referring back to Art. 48 of this paper, we infer that, if A? keeps one 
sign as x varies from one limit to the other, the equation f (p) = 0 has no 
imaginary roots. 


52. To determine if any of the values of p can be negative. 

Since the values of p are real, it follows from equations (3) that the 
ratios of X,X,... are all real. 

In the quadric (1), the coefficients A} A? ... are all positive, so that, 
if there were but three coordinates, we should call (1) an ellipsoid. It 
easily follows that OP” is positive, and therefore OP is real. 

In quadric (2), the coefficients a,, a) ... are unrestricted, and may be 
either positive or negative, so that, if there were but three coordinates, 
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we should say that (2) may be either an ellipsoid or a hyperboloid. 
Thus OQ? may be either positive or negative. In the former case 
p is positive, in the latter negative. 
But if we wish to arrive at the differential equation 
d de (vx 
francs) ce las) ga? 
da da APEC dx? mbar 
4 
in its most general form, we must, as in Art. 23 of the former paper, 
choose as our quadric (2) 
2U = a, Xi + b, (X,—X,) +6, (X,—-22%,+ XY + 
+similar terms with increased suffixes. 


Tf now a, b, ¢, as well as A’, be positive from one limiting value of x to the 
other, then this quadric also is of the ellipsoid class, and thus all the values 
of p will be also positive. 

This argument may, however, be even more generally applied. If 
we take the case of two independent variables as given in Art. 38 of 
the former paper, we see that the quadric 2U = 1 is certainly of the’ 
ellipsoidal class, if we put the e’s equal to zero. So that, when the 
differential equation takes the form 

adX\ ad ax 
ox—z, (2 ea (: ay) Triste 
where a, b, c, A are positive over the area of integration, then the values of 
p are all positive. We may also apply the argument to the more 
general case in which the differential equation is of an order higher 
than the second. 


53. Returning to the quadric (2), we see that some of the values of p 
may be negative, if one of the functions b, c, &c. becomes negative be- 
tween the limits of integration. We may easily understand the geo- 
metrical meaning of this. If we put A,X, = &, A,X, = 4, &e., the 
process described in Art. 50 is really that of making 


i + & +... = max. or min. 


We are therefore finding what we may call the principal diameters of 
the quadric (2), when we treat £,é, ... as the running coordinates. By 
equation (4:) of Art. 50, we see that p is the reciprocal of the square of 


any such semi-diameter. Thus, if p,q, 7... be the values of p given 
by the equation (6), the quadric (2) may be written 
aA PA expel 


Extending the phraseology of solid geometry, there will be no negative 
roots, one negative root, two negative roots, &c., according as the 
quadric (2) is an ellipsoid, a hyperboloid of one, two, &c. sheets. 

VOL. XI.—No. 162. H 
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54. We may also obtain some simple limits to the values of p. It is 
clear that the greatest semi-diameter must be greater than the greatest 
of the quantities found by putting all the 2’s, except one, equal to zero. 
Let us take for our quadric (2), the expression 


2U= a, X} + b, (X,—X)’ 
+a,X) + b, (Xs— Xs)? 
+ &e., 
as given in Arts. 9 and 10 of the first paper. If we express the X’s 


in terms of the é’s we shall see that the least value of » must be less 
than the least of the quantities 


a+r a, +b, +b, az + by + bg Re 
’ ? ‘ ? ae 
Ay A; A; 





where the A of Art. 10 has been written separately from the q,. 
In the same way, the greatest value of p must be greater than the 
greatest of these. In the limit, for a differential equation of the second 


order, the least and greatest values of the function ae: lie between the 


least and greatest values of ip. 
If a+2b become negative between the limits, some of the values of p 


must be negative. 





55. Taking the same quadric, and supposing the a’s and b’s to be 
positive, we notice that, whatever the ratios of X,X, ... X, may be, the 
sum of their squares will be increased if we remove the terms con- 
taining 6 from the equation. Hence the greatest diameter of the 
quadric 2U = 1 is less than the greatest diameter of the quadric formed 
by omitting the terms containing the b’s. That is, the least value of p 


és greater than the least value of vais 


* Dr. Salmon remarks, at the beginning of his sixth lesson on Higher Algebra, 
that, if in the symmetrical determinantal equation 


A;=|a1-P, a, &.| = 0, 
M395 Q29—P, C. 
&e. &e. &e. 





we suppress the first row and the first column, we have a second symmetrical deter- 
minantal equation which we may write A, = 0 whose roots are all real, and separate 
those of the first determinantal equation. We may extend this convenient theorem 
as follows. 

If we border the original determinant with any given quantities /,, /,..., and 
thus form a third equation, viz., 





43=|%1-P, mM,  &. 4 | =0, 
Ayo, M_—p, Ke. sy 
&e. &e. &e. 
h, i, &. 0 
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56. To show that, if the functions a, b (and of course A”) be positive 
from one limit of integration to the other, then the function X, which 
corresponds to the least root of the equation to find p, keeps one sign from 
one limit to the other. 

As before, let X,X, ... X, be the successive values of the function, 
and let the quadric (2) be 


AE es a, X* + b, (X,—X,)’ 
+ same with increased suffixes 
sa dh 


Let us suppose that p has its least value, then, by equation (4), Art. 50, 
we have to make 

eA Nat AX de A Xe 
as great as possible. 

If possible, let any of the X’s, say X,X;..., have a different sign 
from the rest. Then, by changing the signs of these, leaving their 
numerical values unaltered, we clearly decrease the value of U. Since 
2U is now less than unity, and X,X,... X,, all have now the same sign, 
we can numerically increase all of them by the same quantity, so as to 
make 2U equal to unity. It follows that & has been increased. Hence 
fi is not the greatest possible unless X,X,... X, all have the same 
sign. 


57. This theorem is also true when the function X is obtained from 
the differential equation of an order higher than the second. The 


then the roots of this will also be all real and will separate the roots of the first 
determinantal equation. If we make all the ?7’s zero except one, we get the pro- 
position as enumerated by Dr. Salmon. 

To prove this we notice that, if a; ag.... be the minors of the constituents in the 
leading diagonal of A,, then the third determinant (by Art. 37 of Dr. Salmon’s 
Algebra) may be written in the form 


whenever » has such a value that A, = 0. Suppose p to take in succession the 
values of the roots of A, = 0, beginning at the least. Then, at each change in the 
value of p, the minors a,a2)... will change sign, because each is of the form Ag. 
Hence A’; will change sign also. Thus a root of the equation A; = 0 lies between 
each adjacent two of the roots of A, = 0. 

This proposition may be stated in geometrical language. The roots of the deter- 
minantal equation A, = 0 are the squares of the reciprocals of the principal semi- 
diameters of the quadric (2) in Art. 50, and what we have proved amounts to this,— 
the lengths of the principal diameters of any section, say, 


i, X,+ 1,Xo + oe = 0, 


separate the lengths of those of the original quadric. In this form the proposition 
admits of a very easy proof by referring the quadric to its principal axes. 

In the same way, if we border the determinant A, with a second set of arbitrary 
quantities, with zero in the corner, we get a new determinantal equation A, = 0 
whase roots are all real, and separate those of A; = 0. 


H 2 
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proof, however, is not of the same simple character as when we re- 
strict the quadric to the form given in this article. I have, therefore, 
not thought it advantageous to give the proof at length. 


58. When the function X is given by an equation of differences or a 
differential equation of the second order, the properties mentioned in 
Art. 49 are simple corollaries from the following lemma. 

Consider the equation of differences 


OgX,—A (b,,;AX,.)) = pAt Xn 
If q be another value of p, we have 
Oya A (hy oN Yer) ==aoevist 
Eliminating the function a,, we find 
(q—p) rahe X, Yn = by (Xeyy¥2— Xe Vus1) —0x-1 (Ag Ve eee 
This gives 
(Q—p) [Ap Xn Yn... FA Xe Ve] = be (Xe Ye Xe Yous) 
— Bm 1 (X., Yj AG Yae 
The right-hand side may also be written 
b, (Y¥, AX,— Xe AY,) = Ymis( Yn-1 S21 — Ae 


59. Cor. 1—Consider the full series of values X, X, ... X, arranged 
in order. We shall have ranges of positive and negative values — 
succeeding each other. Let X,,... X, be one of these ranges in which 
all the constituents have one sign, while those on each side, viz., X,,-; 
and X,,;, have the opposite sign. We shall prove that, if q>p, there 
is one change of sign at least in the corresponding range of Y’s eatending 
from Ym; to Y,., both inclusive. 

For, if possible, let all these Y’s have one sign, then every one of 
the four terms on the right-hand side of the equality in the lemma has 
the sign opposite to that of the product X,Y,. Hence the lemma 
could not be true. 

We have here made no assumption as to the function a,, but b, and 
A® have been supposed to have the same sign from one limit to the 
other. 


60. Cor. 2.—Consider next a double range of values, say X;... X,... Xz, 
such that all the constituents from X, to X,,_; have one sign, say, 
negative, and X,, ... X, have the other sign, while X;_, and X,,; have 
opposite signs to the adjacent constituents in order to make the double 
range complete. Then, by Cor. 1, if g>~p, Y must change sign be- 
tween Y;_, and Y;, and also between Y,_, to Y,,,. We shall now prove 
that a single change of sign between Y,_; and Y, will not suffice sated both 
these requirements. 
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_ For, if it did, the products X,Y, ... X,Y, would all have the same 

sign. But, writing J for m in the equation of the lemma, every one of 

_ the four terms on the right-hand side has the sign opposite to that of 
the products X, Y,, and thus again the lemma could not be true. 

In the same way, if we consider a complete triple range of values, 
say, X;... X,... X,,... Xz, so that X changes sign twice as # varies 
from one limit to the other ; then, by Cor. (1), Y must change sign be- 
tween X;,_, and X;,,, X;., and X,,,,;, X,-; and X,,,. But it follows 
exactly as before that two changes of sign will not suffice for all three 
requirements. 


61. Cor. 3.—Consider the range of values X,... X, all of one sign, 
beginning at one extremity of the full series, and such that X,,, has 
‘the opposite sign. We shall prove that, if g>p, there 1s one change of 
sign at least in the corresponding range of Y’s extending from Y, to Y,,. 

In this case the range begins at one extremity ; we have therefore 


the conditions b, (X,—X,) =AX,, by) (Yi— Yo) =AMN, 
which hold at that extremity. The equality in the lemma becomes 
therefore 
(g—p) (A,X, Y,+... A, X- V2) = by (Xer: ¥z—Xz Yos1). 
If, then, all the Y’s from Y, to Y,,, had the same sign, every term 
on the left-hand side would have the same sign, and every term on 
the right-hand side would have the opposite sign, and thus the equality 


could not exist. 
Similar remarks apply to a range terminating at the other extremity. 


62. Cor. 4.—Lastly, consider all the » series 


DEP. Ae. Or 
VT Yates ng 
&e., 


corresponding to the 2 values of p, arranged in order of magnitude, be- 
ginning at the least. 

By the preceding corollaries, each of these series must have at least 
one more change of sign than any series above it. As there are but n 
terms in each series, the lowest, or », can have only n—1 changes 
of sign. 

Hence the first series has no change of sign, the second has only one 
change, the third has only two, and so on. Also, the changes of sign in each 
series alternate, in the manner already explained, with the changes of sign 
in any series above i. 


68. It should be noticed that, in Cor. 1 and 2, no use has been made 
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of the conditions at the limits. In these propositions, therefore, p and 
g are any arbitrary quantities, except that g must be greater than p. 
In Cor, 3, the conditions at one limit are introduced, so that the 


results of these three corollaries are true, if only a = a at one limit. 
0 0. 


Finally, in Cor. 4, the conditions at both limits are assumed to be 
satisfied, and therefore p and q must now be different roots of the 


equation Fkp) = 0; 


64. If we take the second form of the lemma given in Art. 58, we 
may prove that similar theorems hold regarding the successive maxima 
and minima of the functions X and Y. But the mode of proof is very 
similar to that just used. There does not appear to be sufficient novelty 
to render it necessary to lengthen this paper by repeating the argu- 
ments with the necessary variations. 


A Form of the Equations determining the Foci and Directrices of 
a Conic whose Hquation in Cartesian Coordinates is given. By 
Prof. WoLsTENHOLME. 


[Read April 8th, 1880.] 


If the rational equation of a conic referred to coordinate axes inclined 
at an angle w, be wu = 0, let (a, y) be the coordinates of a foeus, and 
(X, Y) current coordinates. Then, if we move the origin to the focus, 
the equation will become 

du du du du du 
eva a (ee Be ) =0 
ie | tei wine dx? teat Gee dy ms 





But, the origin being a focus, the equation must be of the form 


X?’+ Y*+2XY cos wo = (pX+qY+r)*. 





amt seed | 7 r r = 
oe du du 2u dw du d?u (=A) 
da* dy” y da dx dy 


We can deduce the equations 


du du\? d*u du\? 
Aiea =A (| — at aoe jaa 
( at) oy 3) (2 att) arian (ee f 





2, 
(. Ng +008 w 26 = yes 
dau dy da dy 
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du 
d ( ) Xr { au qu! 1 
or. p \ nes Poebes =o ae a a | en neh 
i da \/u Qui ~ da? & WATS 
du du 


nA (Ho 1, 8 (%)_- 1 oon, 
dy \/w Jw dy \Vu!- Ju : 
If we write uw” in place of w, we obtain the very compact forms 
dx dy? dw dy 2hu 
for the equations determining the foci. I do not remember ever to 
have seen the equations given in these forms, which perhaps deserve 


record for their remarkable compactness. 
The equation of the directrix, referred to the original axes, will be 


(X—a#) p+ (Y—y) q+r=0, 











or ai 7 += 0. 
du du 
du du du dx dy 
B == \ — =A — =r he i = \——4 h 
ut qr dy’ rp -Pe rE ails w 5, 7 Whence 
the equation of the directrix will be (when w= 0 is the equation of 
d d 
the curve) (X—z2) raat (Y-—y) ann ah 
or (when wu’ = 0 is the equation of the curve) 
, dl d 
(X—2) +(¥-y) ag = 0, 


where wz, y are to be found from the equations 
fu Pu FH soy 
da” dy dady i 

Of course this equation might be written down at once as that of the 


polar of the focus. 


[ As an example, suppose 





2 2 
— a + ee and w= 
hth 2 th BO) Yi fa YR hai TY 
de 8uwv dy 5wv dudy  40u®” 
y cam 
du 5 au 8 


dat Ss Suk ? dy Sut ? 
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and the equations for the foci are 
y—b = 2’—8 = — ay secw = — 2zy ; 


2 6ay—8y? = 0, w = 2y, or a 


2 2 
therefore pee = eee, 5a 5? 


w= 2y gives  =1, e=— 2 gives ya; 
thus the real foci are (2, 1), (—2, —1); and the impossible 


(+ FS) 


while the real directrices are or a 3 =-+1; and the impossible 


directrices aay =+tV/ =i) 


The Application of Elliptic Coordinates and Lagrange’s Equations 
of Motion to Huler’s Problem of Two Centres of Force. By 
A. G. Greenuitt, M.A. 


[Read April 8th, 1880.] 


Denoting by 2c the distance between the centres of force; then, if 
ccos 8, csin@ be the § axes of the hyperbola c cosh ¢, ce sinh®@ of the 
ellipse, passing through a point, and having their foci at the centres of 
force,@ and @ may be called the elliptic coordinates of the point; and if 
the axes of these conics be taken as coordinate axes, then the Cartesian 
coordinates of the point are x =ccos@cosh@ and y =csin@ sinh®¢. 

Therefore, for a particle of unit mass, the kinetic energy 


T=} (0° +y') 
= 4¢?{( —sin 6 cosh ¢0+cos @ sinh o@)? 
+(cos 0 sinh ¢0+sin 6 cosh ¢¢)?} 
= 1¢?{ (sin? 6 cosh? ¢ +cos? 6 sinh? ¢) 6? 
+ (cos? 6 sinh? ¢+sin? 6 cosh? ¢) ¢?} 
= 1¢?(cosh 2¢—cos 20) (6?+¢"). 
Ifv,s denote the distances of the particle from the centres of force, then 
7 = c(cosh ¢—cos 8), 
s = c(cosh @ + cos 8) ; 
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and if A, B be the strengths of the centres of force, supposed to attract 
with intensity inversely proportional to the square of the distance, the 
gravitation potential 


Geen 
copa 
az A i B 
~ ¢(cosh ¢—cos 8)  ¢(cosh g+cos 8) 


[If we have a third centre of force, midway between the other two, 
attracting with intensity proportional to the distance, of strength C, 
we must add to this value of U the term 


30 (a +y’) 
= 40¢’ (cos’ 0 cosh’ ¢+sin’ 6 sinh’ ¢) . 
= 1c’ (cosh 24 + cos 28). | 
Lagrange’s equations of motion are 


d (22) sr eu 


dt \39/ 60 60’ 
d (<7) eer el), 
dt \ ¢ 6d dg” 


6 denoting partial, and d total differentiation. 
Therefore 4c (cosh 2¢—cos 20) 6 +4c’ sin 20 (€?—¢") +sinh 26 Og 








aed sin 0 Fi ae sin 6 
c (cosh¢—cos0)?  —¢ (cosh g+cos 6)’ 
— i (Qc sin 26......... al) 
and  —-4.c? (cosh 26 —cos 20) ¢ + sin 206¢—1¢ sinh 2¢ (0’—¢) 
ies sinh aes sinh 
c (cosh ¢—cos 0)? c (cosh ¢+cos 6)” 
+ 1 0¢’ sinh 2¢ ......... (2) 


If we multiply (1) by 6, and (2) by 9, add and integrate, we obtain 
16 (cosh 2¢—cos 20) (6° +9") 


Beene Lin AV AB: 1 
~ ¢cosh¢—cos@  ¢ cosh ¢+cos 0 
+102 (cosh 2¢+c0s 20) —Ff ......... (3), 


the equation of energy. 


To obtain the second integral of these equations of motion, multiply 
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(1) by cosh 2¢ 6, and (2) by cos 206, and add; then 
i¢ a (cosh 2 — cos 26)(cosh 29 6? + cos 200?) 


C (cosh ¢ — cos 0)” 


B sin 9 cosh ¢0—cos 20 sinh 4. 
C (cosh ¢+ cos 0)? 
— 10¢?(sin 20 cosh 200—cos 26 sinh 20) ‘ 

and, integrating, 

162 (cosh 2¢6—cos 20) (cosh 246? + cos 20”) 

__A2cos#cosho—1l B2cos@cosho+l1 
c cosh ¢—cos 6 ce cosh ¢+cos0 
+ +C¢ cos 26 cosh 26—D......... (4), 

equivalent to Euler’s second integral, D and H being arbitrary con- 
stants, determined by the initial cireumstances of the motion. 


From (38) and (4), 


+ 


14 (cosh 26 —cos 20)? 6? 
— A2cos@ cosh ¢—1—cos 20 B 2cos @ cosh ¢+1+ cos 20 


c cosh ¢—cos 0 c cosh ¢ + cos 0 


— 4Cc’ cos’ 20—D+ H cos 20 





=? ee cos 6—2 Oct cos? 20—D-+ H cos 20 

1 Oc? (cosh 26 —cos 29)? ¢? 

= A cosh 2 +1—2 cos 0 cosh ¢ et B cosh 26+1+2 cos 0 cosh 
c cosh ¢—cos 0 c cosh ¢ + cos 8 


+ 4 0c’ cosh’ 26+ D—H cosh 2¢ 














= 2 cee cosh ¢ + 4 Cc’ cosh’ 26+ D—H cosh 29 .......06.0008 (6). 
Therefore 
(any : 2 my cos 86—40¢’ cos? 20—D+ H cos 20 
heh gate cosh @ + 4Cc’ cosh? 26+ D—H cosh 26 


the differential equation of the orbit, a differential equation in which 
the variables 9 and ¢ are separated. 

Kuler employs new variables w and v, such that w = tan 20, 
v = tanh 3¢; his p and g being respectively ccos 0 and c cosh ¢. 
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6 2 hay Tat 
Th eg | on = : 290 = 2 —] 
en a Aa cos ine cos ‘Facet A 








2 
cosh ¢ = th cosh 26 = 2 (it2,) aay 
=) 


dy = 1—v” 
and if C be put = 0, the differential equation becomes 
du? 
ee aD) eeu) (lu) 





a2 
=; ee dX*, suppose ; 


gf tF 10) 4D (1—v)'—H (1+? 


and therefore « and v are elliptic functions of \, and, by the elimination 
of A, we obtain the equation of the orbit in terms of u and v, or 0 and 9. 


The integral may also be written 





du 
\y Mt 9 (HD) w+ (H-D-24—*) ut} | 
C C C 
dv 
ef) meee me aM 
| o- H+2447_ 2 (D+H) v'+ (D— ff 2 +2) ov} 


a constant ; 
and, using the notation 


dx aa. : 
| Fass aay = EOD, 


this equation may be written 
1 


meee) 
H—D—2 —— 
arg sn ———_____*______y, ky 


wena] {as AY 


1 


ay (PHBH) (De (A=) § | 


D—H—2 


argsn <° —— —_______"______y, },\ = H, 


D+H-2/{pH+(“*#)'} 


A—B 


a= 


A+B 
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when k, = 














A discussion of the different cases that arise from giving different 
values to D and H is given in Legendre’s “ Traité des Functions 
Hlliptiques,”’ tome 1. 


Theorems in the Calculus of Operations. By J. J. WALKER. 
[Read April 8th, 1880.] 


I. The subjects of operation are functions of a single variable x, or 
if other variables enter these are supposed independent of «, so that x 
alone is considered to vary. Let u,m be any such functions. The 
kind of operation considered is that of multiplying w by some integer 
power of ¢, and then taking the differential coetficient of the product 
of an order differing from the index of @ by a given number, which 
may be 0,1,2... Thus the symbols for a completed set of such opera- 


tions may be Dug, D°ug’... D’ud’, where D stands for <; or Dug’, 


Dug® ... Dug" .... A series of such terms, for shortness, may be 
called a progressive series, in the sense that the subjects of successive 
differentiations are not, as in Taylor’s Series or Leibnitz’s Theorem, one 
and the same function, but form a geometric progression, the common 
ratio being the function ¢. 

The first theorem establishes the development of D”ug"*! in a pro- 
gressive series, the terms of which are of the form D’u@” ; viz., writing 
¢ for Dg, it is proved that 

D"ug"*! = oDug” +nd’oD" ug") 42" = ; a ! Deg? . hug"? 
+...+2D°~*9¢'¢""". Dug + D"'9'g” 6 cee sec censuses (a). 


The second theorem similarly establishes the development of D”u”~" 
in another progressive series, in which the terms of the same type, 
Dug’, are multiplied by different functional coefficients; viz., now, 


for convenience, writing ~ = 9', Y = Dy, 
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n.n—l 


oily n—2 n—-2 
19 DY?’ . D®~ ug"? +... 
Eu Gi Di + Le. ib eat eee vet, oe oe CO)? 


This series is not a mere transformation of the former, at least I have 
not discovered any means of effecting such a transformation. 

The third and fourth theorems are easy corollaries from the first and 
second ; viz., 


gDWD""! oo” — oD"9'o""'+nd'oD"-'9'¢"* 
es eC 7 Dee Teo" on D 84 'o) Delt. en (c), 


Dug" | pated = VD"ug" +n oD" up” ee ep 3 TS 





PDoD"'y’ i — “0 ‘ot +n oD"- ‘Vo n 


ee Dg? .D"-*y'g"" 4... +nD*-*y'o""). D’¢? ......(d), 


in the latter of which the third term and the last are similar; also the 
fourth and the last but one, and so on. Hence it may be otherwise 
written 





PDoD"""f'¢” = = YD" ‘or +ny oD"- Ly'g” rpnthn nN Dv'¢?. D-4Y/g"-} 
n+1.n.n—1 je n-3 n-2 r 
LRT an LAO. ie a in Maat vrs (a), 


with the obvious rule of ending with, and taking only half the coefficient 
mal nad 

of, the term (D°* y’¢ * )’ ifm is an odd integer; and, in the case of n 

being even, ending with that term, the succeeding one to which would 


n—2 n n n+2 
be of the same form, viz., with the term D? Wo’. D?Wo?. 
In connexion with my original proof of the equality (b), I found that 


DY?’ . DwD"- *y go” aon, 





nn 





VDdD""'9'p” +n'¢DLD"’o'o n— 14 





DML prsyign? DUDS G+nD V9". Dp’ = o'er 0) 


pDyD-Yg" + nggDpD™ Vg" +2"—* Dy'g?. DoD Vig". 


ied a 5 1 pp- *¢'o"- -2 . DpDY ¢? +4 D*= *9'p" n-l DY?’ = pied! oD" Gays 
—relations, of which, although I havenot found them otherwise useful, 
I give demonstrations. 


II. Iam indebted to Mr. J. Hammond for a remark—not less valuable 
because apparently very obvious when made—which is, in substance, 
that, by changing ¢ into v and ¢ into vw’ in certain places, the proof 
which I originally gave to establish the first of the above theorems, 
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establishes the more general one, v being any third function of a, 


D"uvg" = vD"ug”" + n0v'¢D" ug" ee ED) 2 Dv'¢? . Dug"? +... 





ee ota 1 D"- 5y'g"- -2 . Dud? +.])"- -2 vor -l . Dug + Dv ly i, go”. me G-) 


which, by making v = ¢, gives the expansion (a), and by making 
v=o '=y7, gives (0); thus enabling me to dispense with a rather 
tedious independent proof of (b). The original proof of (a) thus modi- 
fied, is as follows. Writing also 
v= Dv as ¢ = Do, 
it is readily verified that 
Dig = 0 Dud e'd 1Ws...0cccr cannes shoes tue (1); 
or, writing up for u, Duv¢’ = vDug’+v'¢ . ud. 
Differentiating this equation, 
Duv¢? = v Dug’? + vo Dug 
+ vo Dug?+ oDv'o.u 
= vDug’?+ v'¢Dug 
+ voDud + (oDv'o + 9'6r') w 
| = uD ug? +2vo@Dud + Dog? .b...cecccccsseseessvee( Dy 
in virtue of the equalities 
Dug’ = Duo +9'o.u, ¢Do'o+¢'or'= Dre’, 
which follow from (1) by giving v the particular value ¢; and wu, v the 


particular values v’, @ successively. 
Now assume that, for all positive integers up to and including 7, 


D'uvg" = vDug’ +1v'¢D" ug? +7 oS 





Dv'¢?_D"-*ug’? +... 
+7 ~*0'g" Dub + Di" . ha.cccc.scesecpes eee 

then, substituting u@ for u, it will follow that 

Dwg" = vD'ug"*! + rv'¢ Dug" + ! Dv'e?. D-*ue"*+.. 

+rD*~*v'¢""). nied ais Ug. 
Differentiating this equality, and observing that 
Dug’ * = oD'ug’ +ro¢’oD" ug" +... 

by making v = ¢ in (8), 
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ere = ele + rv pDrugt +" Dv'g?. Dug" +... 

‘yt + D"-'v'¢". Dug 

STR eae 

+D*-'¢'9". w) 











+0 (pDag'+ © goDm ug 14 tt 


+rDv'6 (4 Dug" ah Ear. Y oD" -up”? 


nee was Dg’¢? . D’->ug?-§ + =) 
D*v'¢? (gD a renal ugr- y 


ut 


ih 





+ 


+rD’~'v'¢"-* (¢Dud + rey + aD »U. 
In this development the coefficient of Dwg’ is (r+1)v’¢; that of 











Dug") ig * < = Dv'¢? +r (oDv'd+ ¢'o. 0’), or y 5 Dig? by (1); 
that of D’-*ug"-? is 

Tr * — Div'¢" v'g? + 269'Do'g + Dy’g’ . v’), 
a et ot D*v'¢® by (2); 


and, generally, the coefficient of D’-’u¢"~”, p being any positive integer 
not greater than 7’, is 
—1 —p+1 


T. aa =U 1 
Digg 42 TPE 
iy Mey 


tee tee 7 1 
Dv p D?-y Poe Wa ey 28 fy PP Dy! Ja —2 p-2 
gDrv'g? + pp oD? Wer + og. Dug 
_ApD gy Digs Dgy. ’); 
wherein the terms within brackets are equal to D’v'g?*', by the 
assumption that the formula (3) holds for all integers up to and in- 
cluding 7, whatever wu or v is, and therefore when, in particular, w= v’, 
v=. Thus the coefficient of D’-?ug"~” is equal to 
r.r—l...r—p eee.) Pe 
pea Saale Wetec gio Ne eT eh Ui) Pad ae 
( L22..9+1 RVR Pie 2 
rtl.r.r—1. .r—pt+l Drv'o?*?. 
eer on ee pe arp 1 
It appears therefore that, if the law of development expressed in (8) 


holds for all integers up to and including 7, it will hold for 7+1. But 
it has been verified for y= 1, r = 2, and therefore holds generally. 


or to 
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III. Theorems (a) and (b) having been thus established, consider 
the equality 
Do D"'g'¢" = 9 D"g go" — Dig 6". 99%, 
or pDo"D""9'9" = D'ge'g"—D'9'g” . 997 
which gives, by writing ¢'¢~' for u in (a), 
oDg-'D""'g'9" = gD"o'gh "+ ng'gD" pg" 


rae D¢’¢". D"- 'g’g” dele mee Wee 'p’g” -1 . Dd, 


which is theorem (c). 
Similarly 





DoD" )'o” -— oD ’'o"— DV" . W'¢’, 
or WDoD""'V’9" — D'f'¢"— Do" : Wo ; 
which gives, by writing W’¢ for u in (0), 
LDoD""f'¢” — PD"V'¢" Tt abo D Wo" + n at Dy'¢?D" yo"! + WM 
+nD"~ Yo"! d DvY’?’, 





which is theorem (d). 


The remark is now obvious, that both expansions (c), (d) are con- 
tained in the more general one 


vDvu" D""!y'¢" = D"v'¢”— D"“'v'¢".. v'v-! 
n.n—l 


— vD"v’v To" + nv oD"~ ly'y tp" pe ene acco og Dep ie ee oe ae 


+. a preci vd, 


which follows from (g), by making w= v'v~'; but the expansion (d) 


or (d@’) is that which I have found of most fruitful application. 
IV. Finally, to prove the relation (e), it follows from (c) that 
ESA Roe Sraote Sula 
mene PDy'g. D*g'g" +... +m D* YG". Dy, 
TALS Oli Narat, <n dei, Wee a NB det 


+(n-1) vo'gD"g'g" 8+ ... + (m—1)WD"-"9'9". Dg, 
DTP SE OO Ween te 








Fos ae tyes “e ie “Ft C2 *’ a “3, Do's 
DLDo'¢? ca ue << _ nee aes Dg’ +200'0D8, 
Doo = oe Ae D¢’; 
and hence 
PDYD"'9'6" + nV pDYD"-*g'g" + —S™ —* DY9. DY D"“*6'9"-*+ 


ae 1 


1. 








D"- *Y'o"- -2 ee +nD*~y'¢"" ‘Do’ =— PD"¢'¢""" 
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0. at 


+n(¢' + Yo?) ~D""9’g"? + (LDy'g? + 20999 + oDY 9") PD" *g'g" 





+... +n” . Sigal 
i— =, 
+ n 5 = Di'¢’?D"-*9'o"~* + re 
+ (n— 1) Db o?-? ) vo +oD" Vg") UDo, 
wherein every group of terms inclosed by brackets vanishes separately. 
For, taking that forming the coefficient of WD’ as the general form, 
n being any positive integer, in virtue of the well-known property of 
(n—1)(n—2)...(n—p) 
Pa eeee yy 
ee 2) (3) .7. (4 —p—1) a Go) a8) . (n—p) 
Leap ..(p—1) ' 
this coefficient is equal to 
eopyehe : , 
WD"-*9'o""! + (n—2)U’pD" 36’? + (n 2 c 3) DY g?. D"~*¢ one + at. 
+D"*'g"-? : oo 
+ D’-*9'o"~? : Vot+ (n—2) EO Garr : Dv'¢?+ Ra: 
= (n—2) o 6D" Yo"? + oD We"; 
or, in virtue of (b), (a), by changing n into n—2 in both, and making 
u =, Y¢ in the former and latter respectively, it is equal to 
D"~*9'9"? + D*-*'g" or D"~*g"-? (¢' + V9"), 
which vanishes, since J = 97’. 
Thus formula (e) is established, and, in a precisely analogous way, 
formula (f/f) may also be demonstrated. 
Hereafter I hope to lay before the Society some applications of the 
foregoing theorems. 





binomial coefficients, viz., 








The Calculus of Hquivalent Statements. (Fourth Paper.) 
By Huan McCott, B.A. 
[Read Feb. 12th, 1880, revised April 22nd, 1880. ] 
Probability Notation. 


In applying symbolical logic to probability, the following notation 
will, I think, be found useful. 


Der. 1.—The symbol x, denotes the chance that the statement is 
true on the assumption that the statement a vs true. 
VOL. XI.—No. 163. I 
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As illustrations we may take 7, = 1, z, = 0, 7 =0, (a+#),., =1, 
(0@)o.2° == 0. 

Again, speaking of a point taken at random 4 R D 
within the square ABOD, the sides of which are 
bisected at the points H, I, G, H, let a denote 





the statement, “It will fall within the triangle # Mae 
ABD,’ and let « denote the statement, ‘“ It will ay sae 
fall within the square HFGH.” Then, evidently, 

v, = 4. Again, speaking of the same random 3B ral C 
point, let y denote the statement, “It will fall 

within the triangle HHD.” Then y,=4, y,=0, Ya = 4 % =9, 


ty =F, Yr= 1, (@)y = F- 

Der. 2.—The symbol isan equivalent for the symbol 1, and denotes 
any statement whose truth is taken for granted throughout the whole of 
an investigation. 

Hence w, simply denotes the chance that w is true. 

In the geometrical illustration to Def. 1, e would denote the state- 
ment, “The random point will fall within the square ABOD;” and, 
attaching the same meanings as before to the other letters, we have 
2, = 4, (az), =1, 4, =3, (ata), =§, (a2), =}, (a), = 
* Nore.—It is worth noticing that the implication a: is equivalent 
to the statement x, = l. 


Der. 3.—Any two statements a and «w are said to be independent, 
when we have any one of the equivalent equations 7%=%, @, = 4, 
Yq = lar y= Ay. (See Appendix, Note 1.) 

Independent statements may be illustrated geometrically thus. 
Suppose a point to be taken at random within 
the rectangle ABCD, which is made up of 12 
equal squares, 4 in each row, and 3 in each PF 
column. Let a denote the statement, ‘‘ The ran- 
dom point will fall within the rectangle DF’;” and 
let « denote the statement, “The random point 
will fall within the rectangle BH.” Then, evi- 
dently, a and # are independent, for 


a, = AH BE =1, a, = DF+AC= 
®=AH+DF=4, «,=BH+AC=}1, » =BA-IO—@ 


Let AB =m, and BC =n; and let 2, y be the coordinates of a 
random point in the rectangle AC, referred to AB and BOC as axes. 


ANTE D 





& 





Then, supposing the rectangle AC to be divided into Ry hoe equal parts, 
dy 


each part being an infinitesimal rectangle whose area is dady, the 
chance that the random point will fall within some particular one of 
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these rectangles, is dw dy 





; the chance that the infinitesimal rectangle 


MR eRe iGialls io at a divtinco's from AB ig) 22 and the chance 
i 


dy 


that it is at a distance y from BC is —*. It is clear that the statement, 
m 


the chance of whose truth is aa in no way affects the chance of the 
n 
truth of the statement whose chance is a so that the chance of the 
m 
truth of these two independent statements combined is ceed, If these 
n 


two independent statements be denoted by x and y respectively, it may 
be shown, by the same reasoning as before, that x, = #, = #y, and that 
Y2— Ys = Yer 
Rute 1.—(ab), = dr bar, (abc), = Gy baxCavz, and so on, for any com- 
pound statement. Putting e for # in these equations, we get 
(ab), = a,b, (abc), = a, by Cay 
and soon. (See Note after Rule 2.) 


Notr.—From this rule, we see that 2,= Can and therefore 
q+ A, = 2, A, ne 
RULE 2.— (a+b), =a,+b,—(ab),; 
(atb+c).= (4.+b,+¢,) —{(ab),+ (ac), + (bc).| +(abc). ; 
and, generally, 
(a, +a, + dst... +On)e = 8 —%+8,—...+(—1)""'s,, 
| 


in which s, denotes the sum of the eels chances (the statement « 
lr |u—r 


|e 


being taken for granted) of the ta =— combinations that can be 
fh Whe 


made of the n statements @,, a, dy ... @,, taken 7 at a time. 





Notre.—The following geometrical illustrations will help to illustrate 
and verify Rules 1 and 2. Let e, a, x, y respectively denote the four 





statements—(1) A point is taken at random within the circle H, (2) It 
I 2 
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falls within the circle A, (3) It falls within the circle X, (4) It falls with- 
in the circle Y. Let Ae, Ax, Aaw, Aaay, Aaa’y, Aaay’, A(#+y) re- 
spectively denote the areas with reference to which the statements e, 2, 
ax, axy, ax'y, axy’,«+y respectively, can possibly be true ; and, similarly, 
let the symbol Af (e, a, 7, y) generally denote the area with reference 
to which the statement f (e, a, w, y) can possibly be true. Then 


Aavy _ Aaw | Aaay 





(aya — AG An x ae aa =LaYuxy 
_ A(ae+ay) _ A (aay + aay +az'y) 
Sone dence: SS 
_ Aany'+ Aany + Aaaty 
Aa 
ie Aaw + Aay—Aaxy 
Aa 


_ Aaz at Aay _ Aaay 
Aa Aa Aa 
=e Cats (xy )a- 





The above expressions are of course simplified, when for a we put e. 


In this case, we have 
Az 5 Azy _ 





Any 
(zy). = Ac mine Az Ve Yos 

_ A(ety) _ A (y+ ay +7’y) 

O19). =~ he ee 
_ Any’ + Ary+Ac’y 
oe Ae 
_ Av+ Ay—Any 
vit Ae 
_ Av, Ay _ Acy 
Be “Ae Ae 
= x +y.—(ay).. 

x, 
Rue 3.— (a.2'a)’: (w. ae ), 


This follows readily from Rule 1. For, since (ax). = aa, we have 
v, 
a 


e 





te = (aw). But « = ax by supposition, so that x, = 
a, 


and that (wy), = Yaz 





Norse.—From this we see that 2#,,, = G ii 
whatever be the statements x and y. a+). 

Ruts 4.—Taking (a—ab)., or {a(1—b)}., as a convenient abbre- 
viation for a,—(ab),, and so on for similar expressions, we may clear 
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of accents a compound chance of the form (abc...d'éf’...)2 by means 
of the equation 


(abe... Vef...), = {(abe...) 1—d) (l—e) (1—f)... dors 
the factors on the right-hand side of the equation to be multiplied like 
ordinary algebraical factors, and then each term of the product to be 
affected by the suffix a. 
Beginning with the simplest case, we have 


(af), = a,P,, = a, (1—B.,) 
= a,—a,,, = a,—(af3), 
==: —a/3)., = fa (1—£)}.,. 

Similarly, we have 
(eB). = 0. (B= 04 {1—-B41)0} 

= a, {1—B,,—y.2 + (By) .2} 
<_< A, — Ay P2— Ay Voce (Oy )n. 
= a,— (aZ),— (ay),+ (aPy). 
= (a—aB—ay+apy)., 
am (is) GL) bee 


And the same method of proof may evidently be extended to a com- 
pound statement with any number of accented factors. 


To illustrate the use of the preceding rules and notation, I will apply 
them to two problems taken from Boole’s “ Laws of Thought.” In the 
first of these my result agrees with that of Boole, but in the second 
our results differ. 

The chance that a witness A. speaks the truth is p, the chance that 
another witness B. speaks the truth is q, and the chance that they dis- 
agree in a statement is 7. What is the chance that, if they agree, their 
statement is true? (See Boole’s ‘‘ Laws of Thought,” p. 279.) 

Let x denote the statement, “A. speaks the truth,” and let y denote 
the statement, “ B. speaks the truth.” 

The data are v, = p, y,= 4, (#y+zy’), = 7; and we are required to 
find (#y)eysey- 

Now cave ean 7, (See Rule 8, Note) 

= (ty) , 
l—r’ 
and, to find (wy),, we have 


r= (ay tay’), = (ay) +(ay’), 
= {(1—2) y}.+{v (—y)}. (from Rule 4) 
e,+y,—2 (ey), =ptq—2 (ay). 


I] 
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Therefore (zy), =4(pt+q-7), 


and, substituting, we get (aYy)e rey = bel’ Aa 
2(1—r) 
Nors.—lIt is worth noticing that in this solution no assumption is 
made as to whether or not the statements w and y are independent. 


The next problem is this :— 

The chances of two causes A, and A, are c, and c, respectively. The 
chance that, if the cause A, present itself, an event H will accompany 
it, whether as a consequence of the cause A, or not, is p,; and the 
chance that, if the cause A, present itself, the event H will accompany 
it, whether as a consequence of it or not, is p,. Moreover, the event 
E cannot appear in the absence of both the causes A, and A). Required 
the chance of the event H. (See Boole’s “ Laws of Thought,” p. 321.) 

Let x = the cause A, will present itself, 
let y = the cause A, will present itself, 
and let « = the event H will occur. 

The data are %, =, Y, = Cy %: = Py % = Pz and the implication 
z:a@+y; and we are required to find z,. 

Now the given implication z:a+y is equivalent to the equation 
z2—=2(#+y). Hence 


2, = (xz+y2), = (x2z),+ (yz).—(ayz), (by Rule 2) 
= Leet Y.%y— (XY).%2y (by Rule 1) 
= CPt Copo— (@Y).Zay- 

Tf (guided by the concrete illustration in Boole’s foot-note, see 
Appendix, Note 2) we assume A, and A, to be independent, and the 
event H to be more probable when both causes exist, than when only 
one of them exists, we shall have (ay), = x, y,=¢,c,, and z,, greater 
than z, and greater than z,, that is, greater than p,and greater than p,. 

Hence ¢p,+¢,).—¢,¢,p, and ¢,p,+¢,P,—C,¢,p. are superior limits 
to z,, while (since 1 is a superior limit to 2,,) fi Py + Cy Pz—C,C, 18 CVI- 
dently an inferior limit to z,. 

If we take c,=‘l, c,='2, p,=°6, and p,='7, we shall find z, to be 
within the limits ‘18 and °186. 

Boole’s equation*® for finding the exact value of the required chance 
gives (on substituting these numerical values of ¢,, ¢, p,, p.) °19069, 
&c., as the required result, which is too much by at least ‘00469... 

Route 5.—From the compound implication (a: a) (¢: (6) we may 
infer that a, is an inferior limit of w, and 6, a superior limit. 


This equation (in which w denotes the required chance) is 


(u—¢, py) (U— CoP) Ons l—«¢, (l—~”) —w} l—¢, (1—py) —u} 


C1 P+ Cy p2—U l—u 
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This rule is useful in such cases as the following: Suppose we have, 
among other data, a series of implications, each of the form f(x) : ¢ (x), 
and that we are required to find the limits of w. Solving with respect 
to z, the given implications combined will be equivalent to the com- 
pound implication (a: 2) (#:) (y: 0), in which a denotes the weakest 
antecedent of w cleared of zero terms, ( the strongest consequent of 2 
cleared of zero terms, and y the sum of the zero terms which do not 
involve z. The solution can hardly be called complete till a, 6, y (if 
complex disjunctive statements) are reduced to their primitive forms. 
(See Rule 21 of my Third Paper.) __ 

Question 6258, proposed in the “ Educational Times” for last 
March, may be taken as a simple illustration of the use of this rule. 
In this question the given compound implication 

(aw+ ba’: c) (bu-+aa : c’) 
is equivalent to (act+be': x) (a: ac’+ 0’) (ab: 0). 


Appendiz. 

Norse 1—To prove that (as stated in Def. 3) the four equations 
%q = W, Ay=O,, T4=Ay, and a,=a, are equivalent statements, each 
implying the rest. 

From Rule 1, we have #,a, = a,%,; consequently, if we assume 
=, we shall have a,=a,; and, conversely, if we assume a,=4,, 
we shall have z,=z2,,. 


We will next assume the equation a,=a,, and from it deduce the 
equation «,=7,. 











a, a, %, : 
From Rule 1, we get a, = ‘ ‘and a, = 5 *, But, by supposi- 
. x Li 
tion, @, =a, 3; therefore ae 
au, wv, 
: a 1—z2, 
that is, “<= oh 
x, 1l—xz, 
whence we get eB 


By reversing this proof, we may from the equation x, = wv deduce 
the equation a,=4a,. 

We have thus proved the three equations a, =@,, %=2,, 4, =z to 
be equivalent. 

In the same way as it was shown that a,=a, was equivalent to 
Yq =%,, we may show that #, =a, 1s equivalent to a,=a,. Hence we 
iamgetns (2, — 2) — (a,—'¢.) = (a, =2,) ="(a, = a,). 

Nore 2.—The foot-note referred to, page 118, is the following :— 


The mode in which such data as the above might be furnished by 
experience, is easily conceivable. Opposite the window of the room in 
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which I write, is a field, liable to be over-flowed from two causes, dis- 
tinct, but capable of being combined, viz., floods from the upper sources 
of the River Lee, and tides from the ocean. Suppose that observations 
made on N separate occasions have yielded the following results: on 
A occasions the river was swollen by freshets, and on P of those 
occasions it was inundated, whether from this cause or not. On B 
occasions the river was swollen by the tide, and on Q of those occasions 
it was inundated, whether from this cause or not. Supposing, then, 
that the field cannot be inundated in the absence of both the causes 
above mentioned, let it be required to determine the total probability 
of its inundation. ; 
Here the elements a, b, p, q of the general problem represent the 
APB Q 
N’ AN’ B 
as the value of N is indefinitely increased. (Boole’s “ Laws of 
Thought,” p. 321.) 


ratios , or rather the values to which those ratios approach, 


[The following is a very simple proof of the fundamental rule in the 
Inverse Method of Probability. 

Let # assert the occurrence of a certain event, and let a, /, y, ... 
respectively assert the existence of several mutually exclusive circum- 
stances, any one of which may be the cause of the event. We have to 
provethat a,= sereere iii on the assumption that e:a+(6+y+..., 
and thab.o, = 0, iv. == cc; 





Since (az), =a, == am,, 
av 
therefore Oy a es 
xv 


But #, = (aw+Pat+yet+...),, sincexw:at+tP+y-+..., that is, 
a, = (av),+(6v),+(yz).+... 
= 0,%,+2,ee+ y'%,+..- 
Substituting this value of v,, we get 
ae 
a,&, +B. e+ y.e,+ ee 
But, by supposition, a,=6,= y, = &e.; therefore 
apne Se (2). 
Cape te, + .v 

The same rule, of course, holds good when we interchange a and #, 
a and y, and soon. The expression (1) is, of course, more general 


than (2), and should be used when we cannot legitimately assume that 
pe =, oC.4 


6 Bey 
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In concluding this paper I wish to record my obligations to Mr. 
C. J. Monro, of Hadley, Barnet, for much kind and patient criticism of 
my method generally, as well as for some valuable suggestions as to 
the directions which my investigations should take. It was by his 
advice that I resumed the study of probability, in which my method 
first originated ; and it was in working out a problem in probability, 
which he proposed to me as a test of the power of my method, that I 
hit upon the notation which I here propose. 
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On a Binomial Biordinal and the Constants of its Complete Solution. 
By Sir James Cocxis, M.A., F.R.S., &. 


[Read June 10th, 1880.] 


1. For brevity, I denote differentiations with respect to #, the inde- 
pendent variable, by acute accents. For the sake of enabling the 
reader to judge of the progress made, I give a brief preliminary appli- 
cation of Boole’s canon to the binomial biordinal (see Arts. 2, 3, 4). 

2. The symbolical form of 

(1—2#*) 2”— 3a°2’+ maz = 0 

is D(D—1) z—{D-1341V1+16m} {D—12—1V/1+416m} a = 0, 
which, if we change «* into a’, becomes (see Boole, “‘ Differential Equa- 
tions,” 2nd ed., 1865, p. 439) 

D(D—2) -—{D—12-+1V714+16m} {D—1—1/1+416m} az = 0. 

3. If we put 

a,=0, a,=2, B,=22-1V/141lbm, B,=312+4/1+4+16m; 
then, according to Boole (ib., p. 431), the equation is integrable in 
finite terms,—Ist, if any one of the four quantities represented by a—f 
is an even integer; secondly, if any two of the three quantities 
nod Wares By — Ba, a,+a,—P,—P, 

are odd integers. The integral values are supposed to be either positive 


or negative, and the even ones to include the value 0. 


4. At one time (7b., pp. 466, 467) Boole seems to have thought that 
these conditions were necessary as well as sufficient. But, however 
this be, he has not dealt with any cases in which they are not fulfilled. 
In the case of the above biordinal, the conditions give m= 47 (i+]), 
where 7 is an integer positive or negative. 


5. Lying outside the range of these conditions are two distinct 
classes of soluble cases. ‘The above biordinal is soluble if 


m= (+) Gi+D, 
m= sy 


and there may be other cases of the second class, but I have not as yet 
determined them. All the forms given in this Article are I believe 
new, save one which is equivalent to a form cited (and verified) by 
Professor Cayley (in the “Quarterly Journal of Mathematics,” 1879, 
Vol. xvi., pp. 268—270) from Schwartz (in Crelle-Borchardt, t. 75, 
1873; see pp. 292, 326). 
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6. I obtained the foregoing results by a process of wider application, 
and which consists in forming, from a given biordinal, a more general 
equation, and in so transforming the generalized equation as that 
differentiation shall give rise to a terordinal, whereof the complete 
solution involves that of the biordinal. 


7. Let the given biordinal be 
d+ b,2’+ b,z = 0, 
wherein b, and b, are functions of z On this I form the generalized. 


contd bsde 
? 
28 





equation . J+ haetbhez= 


c being an arbitrary constant the evanescence of which reduces the 


latter to the given form. Putting z= V 2y, we get ¢= Wim and 
y 


w" "; 
f= 7 7 ,; so that the latter becomes, on multiplying both 
vay (2y)3 


sides into (2y)', 
Qyy”— (y')? + 2b yy’ + 4b,y? = cer, 
which, differentiated and divided by 2y, yields 





y+ by" + Te + (Bi +4b,) y+ Qiy = — by (co) y1, 


whence, eliminating ce~2/* 


y+ 8b, y" + (b, + 2b; + 4b.) y’ + 2(b; + 20,0.) y = 0. 
8. Of the terordinal, then, e/"“*y is an integrating factor ; as can be 
readily verified by differentiating 
elite yy” — ¥ (y+ byy' + Qbay?} = 30. 
From the complete solution of the terordinal will follow that of this 
first integral, and consequently of the generalized equation, and of the 
given biordinal. 
9. For the biordinal of Art. 2, we have 
b, = — 32? (1—2*)"', bs = me (1—2*)”, 
whence, after the proper substitutions, and getting rid of algebraical 


fragtions, we obtain, that which cannot be obtained by mere differentia- 
tion, the terordinal 


(l—2a%) y”— Say” + (4m—3) ay’ + 2my = 0; 
and when we can completely integrate this terordinal, we can once 
integrate, and therefore completely integrate, the biordinal of Art. 2. 


and transposing, 


10. The symbolical form of the terordinal is 
D (D—1) (D—2) y—#' (D+4) (P?+D—4im) y = 0; 
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or, which is equivalent, 

[DI y—(D—$) D-$44V14 16m) (D—§—-3.V 1+ 16m) aty = 0. 

11. Take the first class of cases in Art. 5. Here, from 

m= (Gi+}) Gi+H) 
we deduce 1+16m = 14+ (6¢+1) (6¢+8) = (6142)? 
Consequently, the symbolical terordinal becomes 
[D}* y—(D—§) (D+8i-§+1) (D—8i1—$-1) ay = 0, 

which, by the processes of Boole (op. cit., pp. 420, 421), can be trans- 
formed into [D]’v—(D—2)(D—£+4+1) (D—4—-]la’v = 0, 
ae ¢is an integer or 0. But in this case the terordinal may be written 


ey | mje Bleak alee 
rp} One iD} 


and completely integrated. Its complete solution is 
v= 0,/1—6r+ 0,/1—6'2 + 0,7 1—2, 


where (3 is an unreal cube root of unity. 





in the form v— 


12. Wheni=0, thenv=y. This is the case with the equation dis- 
cussed by M. Schwartz and Prof. Cayley, which, by a change of the 
independent variable from « to w, and writing z in place of y, is changed 


2g 
a” 


into gv — 3 








ve rath 
1-2 les ik oe 
One form of the complete solution of the terordinal will be obtained by 
making C;,=0; and C, /1—Ba and C,/1—/3%x are incomplete solu- 
tions, which may be written /“O?—/C?z2 and /C?—/3'Cz. Let a be 
a prime sixth root of negative unity. All the four Weenueae Cy =a; 
BO; = a’, OF =— a’, —@°O; =a can be satisfied; for the elimination 
of C, gives G=a‘, and that of CO, gives 6? =a~*=a~*a® =— a’; and 
hence we get 6+/? =— 1 =a‘*—a’, which is right. Now a first in- 
tegral of the terordinal, as obtained by the factor, is 








(1-2) yy"— 3 1-2!) y— sayy’ + gay” = £6, 
and the complete solution of this first integral is 
y = O,/1—fet+ 0, /1—'24 Cs /1—z, 


wherein (is C,, and C, are connected by the relation 


A+PC+iG =— 


@9| 00 


Dolo 
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Let c= 0 and (0, =0, then Oe C= = — (follows. But 
(—a)i:at= /—lat= /—1(—341V/—3) = V—18,; 
or Go: as 6/0 Be, and Cg Uy aa 
where /3, represents either value of (, as indeed does the unsuffixed Bp 


which precedes it. Hence, since O,: C, or C,: O, takes the double 
sign, and the Y of Professor Cayley is the same thing as my y, it 
appears, from either investigation, that when ¢ vanishes the equation of 
the second order has the two particular integrals 


J/(a—a’u) & /(—a?+az). 
13. Take the class of cases (Boole’s) adverted to in Arts. 3 and 4. 
Here, from m = $i (+1), we deduce 
14+16m = 474+4¢+1 = (2i+1). 
Consequently, the symbolical terordinal becomes 
[D]}* y—(D—4) (D- $+ i+) (D-$-i-J) wy = 05 
or, in other words, it takes one of the two forms 
[D}-y—(D—5) (D+i—2) (D448) sty = 0, 
[D]' y—(D—§) (D+ i—8) (D-i—2) aly = 0; 
7.e., one or other of the forms 
_ (D—$) D+i-—2) (D—i—3) , 
D (D—1) (D—2) 
(D—) (D+i—83) CUS toma) ee 
D(D—1) (D—2) 


If +=0 (mod. 3), these forms respectively may, by means of the 
algorithm of Boole, be made to coalesce in 





y— said) 


and if 7=1 (mod. 3), they may, by that algorithm, be respectively 
transformed into 


5 
v— aa ar ov 0, and p_O-D ret hie S 
the former of which is soluble by Boole’s process, and the latter is a 
primordinal. If7 = 2 (mod. 3), we merely reverse the order of these 
last results. The constants of the ultimate solutions must be supplied 
in the way pointed out by Boole (op. cit., p. 421). 





14. Thus far the algorithm of Boole has sufficed for the discussion 
of the foregoing new transformations. It now becomes necessary to 
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have recourse to the results of Mr. Harley. The formule in the next 
Article are taken from page 348 of Mr. Harley’s paper “ On the Theory 
of the Transcendental Solution of Algebraic Hquations” in the 
“ Quarterly Journal of Mathematics’ (Vol. v., 1862), and also from 
page 237 of another paper of Mr. Harley (“On a Certain Class of 
Linear Differential Equations,” in the “ Memoirs of the Manchester 
Society,” 3rd Series, Vol. ii., 1865). 


15. If,in the quartic yt—4y+32 = 0, 


we regard y as the dependent, and « as the independent variable, we 
have the following results : 


4 (1a) OY = — (y+ay'+0°y—3), 
v 


2, 
4? (1—a*)? at = — {6e°y9+ (1+52°) 243 (1+) ey—182%}, 
wv 


ot ey 


2 (1—at) C4 — 24, 3x? TL 2.430 O14 by = sti) 


this last equation er the differential resolvent of the quartic. 
16. I found that 


| 2 
2° (1—2) yo ¥ _ 9471 —28) (2) ~ 3. Dey ou 4 Bey? = 166 


is a first integral of this resolvent. On my sending this integral to 
Mr. Harley, he soon saw that the substitution, for y, of a root of the 
quartic would or ought to reduce the sinister of the integral to a con- 
stant. This constant Mr. Harley determined as follows, or substan- 
. tially as follows. 


17. He found, after reductions where necessary, 
4? (1l—a*)? yy" = — (1 +52’) 2-3 1+2*) ey? — 607y + 182%, 
42 (1—a*)* (y’)? = — 2y°-+2y?—9) (1-2), 
4 (1—2*) yy’= — ay®— wy? —y +82. 


Now, multiplying the sinister of the integral into (1—2*), and sub- 
stituting, we arrive at 


eee ce he on ee 
; 16 4? 


18. It follows at once from Mr. Harley’s evaluation, and from the 
fact that the sinister of the integral is homogeneous in y, that, if y, be 
any root of the quartic, then the expression 


4y,V¥—6 


yields four particular integrals of the first integral. 
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19. Following up the path thus entered by Mr. Harley when he 


reduced the sinister to a constant, and calling to mind that, by estab- 
lishing the proper relation between the constants, the complete solu- 
tion of the resolvent may be made to furnish that of its first integral, 
I assume Y = UYrTAgY2 + AgYstUsYq, OF Y = Day, 
wherein y, is a root of the quartic and a, constant. In virtue of the 
relation 2y = 0, given by the quartic, we may, if we please, suppose 
any one of the a’s to vanish. On substituting this value of y in the 
sinister of the first integral, we get [having first multiplied the integral 
into (1—z*) for convenience | 

Za? {2°(1 —a*)? yy” — 24 (1—a*)*(y’)? 38. 24 (L—2) a*yy’ +5 (1—2°) ay*} 
+ Ba, a, {2° (1—2*)? (ys + ya) 

—2° 1-2")? yp — 3. 2° A —2*) 2 (yyy + yey) 
+10 (1—2*) xy,y,} = 16¢ (1—2’*). 

20. But, in virtue of Mr. Harley’s result, this equation may be put 

under the form 
Lay, {2* I —2*)? (Hya+yasi)—2* 1—a*)* yiyr 
—3 2° (1—2*) & (yyit+yem) +5 (1—2"*) ay ya} 
= {8c+22a’} (1—2'). 

21. To avoid suffixes, let us for a moment denote by y and z any two 

roots of the quartic. Then y*—z*—4:(y—z) vanishes. Hence we get. 


ye tye (ay) = donectccver need (Xr), 
which, multiplied into z* and reduced by relations derived from the 
quartic, gives y°z'—3e (y? +2") +4yz (y+2)—Bxyz =0 oe (2); 
again, (1) multiplied into y and reduced gives 
ye (y?+ ye ta") = Be ... 15.000 (8) ; 
also, (3) multiplied into y and reduced gives 
yar + 28y" + dey — Ba (yAz) = 0... ce cee cee eee eee ees (4). 


22. Now, remembering that Mr. Harley’s formule, given in Art. 15, 
remain true when y is therein replaced by z, we find 

4 (L—a®)? (yz"+ ay”) =— 6a (y? +2) yz | 

—(1+52°) yz (y+z) —6u (142°) yz +182" (y+z); 
also, after eliminating y*z* by means of (2), and y*z’+2*y? by means of 
(4), and using (3) and reducing, we get 
4 (1—a)! y'd = — (1—a) {8+ (@+y +2) ye}; 

we also obtain 


4 (1-2) (ye + zy’) = — yz (y+ 2°) —aye (y +2) — 2072 +8 (y +2). 
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23. Replacing y by y,, and z by y,, and substituting accordingly in 
the formule of Art. 20, we find that the sinister of the equation therein 
given becomes constant, and the relation itself becomes 


2a, a, {3 (1—a*)} = {8c+ 2207} (1—25), 
whence 62a, a,—9IUa? = 16c; 
and when c= 0, we have 22a,a,—32a? = 0, or 
Gh) eas ith ne CANREIT LS, Ot Pee ee acne eee ne Cole 


24, But the differential resolvent of the above quartic is the terordinal 
to which, by the process of Art. 7, we are led from 


ois @ de, ye Bs: 6 
. a Gl ii 1—2? dx TF — 3 3% Gareenthec trees ye 
The complete solution of (6) is therefore 
z= /22ay, 


the constants, which, in consequence of Zy vanishing, are effectively 
three only, being connected by (5). And, since (5) only determines 
ratios, we may write the solution thus 


4 BASU Halide: Nore eceieey aA 
the a’s being connected by (5). This is a complete solution of (6). 
But, (6) being linear, the sum of any number of its independent 
solutions is a solution. Consequently 

a= VZay+ J Epy+ VSyy +... 
or, say BINS Vel ia ress cei Seepeee Nae Ghee econ (8), 
the number of terms included under the summation S being taken as 
infinite if we please, is a solution. And all biordinals soluble by means 


of the terordinal will have their solutions of the form z = SW X(y, the 
summation = extending to three independent particular integrals of 
the terordinal. The biordinal of Schwartz (and Cayley, in whose 
paper the first — should be +) is connected with hypergeometric 
series; that of (6), wherein m=,%;, with ultra-hypergeometric series 
(see ‘‘ Manchester Proceedings,” Session 1862-8, pp. 19, 20). 


25. Consider the more general binomial biordinal 
i — (n— 2 ) i geen a =O 
RA EY x ; 
The auxiliary terordinal (Art. 7) is 
i Mi 
y —3 (n—1+, au z 
4 6n 
+ (2n?°—8n+1—4m-+ on) din (n+; 
l—wz 


VOL. xI.—No. 164. 
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or (1 —a*) wy” —.3 {n+4—(n—1) 2?’ ta pus 
+ {2n?+8n+1—4n — (2n?—38n+1—4m) 2°! vy’ + 4m(n+$—ne"*) y=0- 


26. This terordinal may be put under the comparatively simple 
symbolical form 


_ {D—(n+8)} [{D—(n4+3)P—{n?+ 4m} ] 
(D—N)}(D—N)’?—(N*+4m) } 


where N=n+8, which may be still further simplified. For if, by 
Boole’s algorithm, we change the D in the numerator to D+3, we get 
a transformed equation, which may be written | 


(D—n) {(D—n)?—(n’?+4m)} Ser ’ 
Loe N) {(D—N)*?—(N?+4m) | . 
ee D2) (= ase J n+4m)(D—n— Vr? +4m) ot een 
(D—N)(D—N+ / N?+4m)(D—N— /N?+4m) 


wy, 





27. From this last auxiliary terordinal we can construct soluble 
binomial biordinals, distinct alike from any integrable by Boole’s 
canons and from the new forms solved earlier in this paper. In proof 
of this proposition I shall deduce one such biordinal. There may be, 
and probably are, others, but I have not as yet determined them. 


28. Suppose that N’?+4m= DP, v?+4m=P, 
where I and / are rational. Then the terordinal becomes 
— (D—n) (D—n+l) (D—n—l) 
(D—N)(D—N PL) (UN) 
29. Let DL=1l= + 1 (mod. 3), 
then the terordinal may be made to take the form 


saa Wit ed 
[D-N+IP° "= 


which breaks up into primordinals. 


30. Now the congruences L = + 1 (mod. 8) and 1= + 1 (mod. 8) 
may be written as the equations 
N*+4m = (8) £1)?, 1?+4m = (87 + 1), 
j and 7 being any integers, positive or negative. Subtracting the latter 
from the former, and remembering that N= n+, we get 


gy = 0. 


2 
a = 8 (7) + 6-0), 


whence n = (jt) (87+37i + 2)—3; 
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and m will be formed by substitution in 
m= + {(8i + 1)?—7n}. | 
31. Hence we easily get a form hitherto unsolved, and which would 
perhaps heretofore have been deemed insoluble. Let 7 and j both 
vanish, as they may. Then 
n=, m=1(0—%) = dp 
and the binomial biordinal of Art. 25 becomes 
uf = 1 , i: 
which takes the symbolical form 
(D+3) (D-4)2-(D-8 +4) (D-3-) as 
or, changing 2° into 2’, 
(Drs) 2—(D—-2 +4) D-2—- Fs) wz =0, 
a form not soluble through Boole’s canon, though admitting of a coms 
plete solution by means of the auxiliary terordinal. 





02. The particular biordinals and terordinals above considered are 
of the form called, by Boole, binomial. Butsuch a form is not essential 
to the applicability of the process described in Arts. 7 and 8, though 
it may facilitate the application. It is, however, a matter of quite 
fundamental importance to ascertain what forms of binomial differential 
equations admit of finite solution (Boole, Phil. Trans. for 1864, p. 783). 
It may be that an auxiliary quartordinal, or higher ordinal, can be 
used as a resolvent of a biordinal. 


Preliminary Note on a Generalization of Pfaff’s Problem. 
By H. W. Luoyp Tanner, M.A. 


[Read June 10th, 1880.] 


1. Pfaff’s problem relates to the transformation of an expression 
YA + Yoga... + Yn tn 
into another expression of similar form 
V0, dU, + V, dug + ... $U,dUy, 


the y’s, v’s, and w’s being functions of the z’s; and in connection with 
this arises the question as to the necessary and sufficient conditions 
that the transformation may be possible for any proposed value of r, 

K 2 
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The present note deals with the transformation of a system of m 
expressions Yi AX, + Yigdtyt... +Yinde, (= Yj), 
toa Lee, ees 
into a system of similar form 
V4, AU, + VjgdUg+ ... +V;,duU, (= Vi), 
ed ERAN u Mm, 
Vlz., NA — tl 
As before, the y’s, w’s, and v’s are functions of the 2’s. The chief 
object of the note is to present the necessary and sufficient conditions 
for the possibility of the transformation for each value of r; or, what 
is the same thing, the determination of the smallest value of r which 
belongs to a given system, Y;,. 


This problem has, in one case at any rate, attracted considerable 
attention. When r= m the equations 


ag = 0 
form an “integrable” system, the solutions being 
Uz = Cj. 


The conditions that Y;=0 should be an integrable system ought 
therefore to be included in those hereinafter given, and it will be seen 
that this is the case. 


2. The results obtained depend upon a theorem enunciated below. 
They are similar to, and include, those given in two papers “On the 
Transformation of a Linear Differential Expression,” published in the 
“ Quarterly Journal” (Vol. XVI., pp. 45—64). 

The theorem asserts the equivalence of two systems of equations, 
the form of which we proceed to indicate. 

Write down the m rows of y’s, and under these a number, say k, of 
pairs of rows; the upper row of each pair being the operative symbols 


GS face! ca 
Ditedae td aba’ Gere 
the lower row being any row of y’s. These are to be arranged so that 
the second subscript of every y, and the subscript of every < in a 
@ 
vertical column, may be the same. From the system thus written, form 
determinants containing m+ 2k columns each; and in developing these 


it is assumed that the p™ “factor” of each term is taken from the p™ 
row: The equations which express that all these determinants vanish, 
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make up the first system. They may be written 
Yip ee see Yin = 0 aR: Pear ERE lip 


Ae) Vendy see Ymn 
ad a d 
die,’ da,’ sae dz, 
Yiry Yixr +++ Yin 
ad a 
dx,’ dx; “" da, 
i gd eit ha 





ay eet 
A more convenient form for many purposes is got by using the umbral 
notation ; viz., we write 
NARs rs Be 
DE aA Pe eg ee Been 
where the upper row consists of column-subscripts; that is, of the 


= 0, 














second subscripts of the y’s, and the subscripts of the 's, The lower 
wv 


row contains the first subscripts of the y’s, and each row of ‘ 1s 
represented by a 0. ri 
The second system of equations is 





Yity Yirs eee Yin = 0 B10) 4) > 6, 6.0/8) 5.10) 01608) .010 6.6 02 (1L.), 
aa duty du, 
dix, ee ie 


Bi ie a 
dz,’ dime -dae 
eek a eae, 
The theorem is, that when 
Fig od Bah 7 7s teak Rasa ets ye a Ly PE OR CLL 
the two systems (I.), (II.) are equivalent; that is to say, supposing 
(1.) to be satisfied, values of u,, ... wu, can be found to satisfy (IL) ; 
and, given (II.), the system (I.) becomes an identity, whatever 
Uy, ... Uy may be. 
The application of this to the problem of Art. 1, 1s obvious. From 
(II.), we have at once 


Vij = %a Tate 








du, du, 
da; +... tv Vir da: a; i 





This gives 
Yi I, + Yigg t ... FY inde, = Vigdu, +¥gduUy+ ... + Vi-du,, 
or Yasar 
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Thus the conditions that the proposed transformation should be possible 
are the equations (I.) And, supposing these to be satisfied when 
there are & double rows, but not when there are k—1 of these rows, 
the smallest value of r is given by (III.). 


3. The proof of the second part of the theorem is very simple. 
When (II.) is satisfied, we have 


Seay, du, 
Vg = Vy 3, a ee 
Substitute in (I.): and observe that every minor formed from a double 
row becomes a sum of Jacobians of u, v; for instance, 
ad a A (Vi, U,) , @ (Vig, Me) 
pac meta el pec lo ee ee + &e. 
da,’ dit, cl (@, Wy) 7” d (ay, Xp) 
Jia Yir 
The y’s are linear functions of ve Hence, whatever 7 may be, each 
x ’ 
determinant of (I.) becomes, after the substitution is made, a linear 
function of Jacobians, such as 


d (u,, coe Ums Vins Uns Vigo Ug ED, 


a(S, ay, TE eR SaaS 
In the numerator there are k v’s, and m+é w’s. But there are only r 
different w’s, so that, if ee at coed Er 


two w’s must be identical, and the Jacobian vanishes identically. 
Hence the truth of (I.) is manifest. Otherwise expressed, the system 
(1.) are necessary conditions of the possibility of the transformation of 


Art. 1. 


4. Of the first part of the theorem I have not yet found a satisfactory 
proof, and it is mainly in the hope of having this defect removed that 
I have laid the results before the Society. There is not much difficulty 
in verifying this part of the theorem, though the reductions are some- 
what formidable. I have, in fact, succeeded in this attempt, following 
the general line adopted in my papers above cited. But it is hardly 
worth while giving this work, as, although it shows the truth of the 
assertion, it gives no reason for the peculiar form of the equations in- 
volved. Instead of giving this verification, I propose to indicate 
briefly some remarkable properties of the equations (I.) upon which a 
real proof may probably be based, or which may at least lead to a 
more concise verification. 


d. The action of the operative symbols, 4 in any row, does not ex- 
& 
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tend beyond the next following row. Imagine any determinant..of 


(II,) expanded as a sum of terms, such as aa 
my dl (- 
des, dts dag | M2 ( 

Ys Ys Ys \ 
doa 4d ‘ 


Seley See a 
de) dt, de, 


where A is a minor determinant formed from the upper rows; B is 
formed from the lower rows ; and in A, B, and the minor written at 
length, all the rows of the original determinant are included. De- 
veloping the middle minor, it will be seen that we get no terms in- 
volving differential coefficients of the second order ; or, more truly, such 
terms occur in pairs with opposite signs. Thus we have two terms 


d d d Oe 
7 USAR SRY Gace 
da, ds dats ee det, che dat, te 
iy wea ®B dy dB 2B 


Which give A — . ——+A ———— Aly. 
Sibson Sap zea ds Wins PS den, it gs cn, dk 





Hence it follows that the & double rows in (I.) may be transposed 
ad libitum. - 


6. The equation (I.) is not affected when any row of y’s is multi- 
plied by any quantity, say A. Let the row of y’s to be multiplied, be 
Yr Yrs» ++» Yin, and bring the double row containing the changed y’s to 
the top of the double rows. Then, observing that 


d d dn 
— Ay xX — . — 
da J da YTY oe 


we have Yu | =H] Iw | FL Oy + | 
a Yrry se 
OS y has 
dz, da, dn 
AY ++ Yr» oe dey’ 


whereof the latter determinant vanishes identically. Thus the effect 
of multiplying a row of y’s by A, is merely to multiply the expression 
on the left of (I.) by A, so that the truth of (I.) is unaffected. 

Hence, it follows, that if the system (I.) be satisfied for m expressions 
Y,, ... Y,, it is also satisfied for any set of m independent linear com- 
binations of Y,, ... Yn. 


7. A remarkable property of the determinants upon the left of (I.) 
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is, that if the order of the rows be reversed, the determinants change 
in sign, or not at all. 
Take a particular example :—We have 


d d a d 
der -Y34i4 = 438 7 Ys Was Te, Y 085 
and the like. Hence 


Heer aN beget nee 
Beigel 1 OL Lolsegee 


Of these the second determinant vanishes, since it contains two identical 
rows unseparated by a row of operators. The first determinant on the 
Dm 1, 2, 3, 4 ’ 
Lae. oe 
and in this the order of the rows is the reverse of the original order. 
The proof is quite general in its character; and it shows that, in the 
equations (I.), the order of the rows may be reversed. 

We are thus led to sets of equations intermediate between those 


given in (I.), consisting of m+2k—1 rows instead of m+2k. For 
instance, corresponding to (I.), we have 


Lea. math Be sate sake 
1, 35,3, L 2, 


consisting of m+4 rows. But there is another set of equations 
Tyo) ieee ee =O ak, 
O, J, 0, 15.25 son 


consisting of m+ rows, and not included in (I.). The form of (II.) 
corresponding to (V.) is the same as that belonging to (IV.), but there 
is the additional circumstance that one of the determinants 





% 





right 

















| vs | 

can be made constant, which is not the case if (IV.) be satisfied, but not 
(V.). This corresponds to what is known to happen in the case of 
med he 

If the order of the rows in (vy) be reversed, we get a symbol of 
operation which is continually appearing in the verification to which 
allusion has been made above. Ifthe order of the last m+2 rows be 
reversed, the equation is unaltered. 


8. The inversion of the last article leads to a tolerably easy method 
of partially solving the problem in any particular case. For simplicity, 
we shall consider a special case m=2, k=1; and, moreover, we will 
suppose n=m+2k—=4; so that, each matrix in (I.) consists of one 
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determinant only. We have, then, the equations 


Yur eee Yu4 => 0, . Yop ate Yo4 — 0 


jon a 
Haas Bra Tao 
Yip Aer cit Yn 3 

Yory see es ¥y a 


but the first minors do not vanish. Let these first minors, formed by 
erasing the top row, and omitting in turn the Ist, 2nd, 3rd, 4th columns, 
be called 7, 72, 73, 14 Then we have 


Yumt+yumt... =, 
Yum +Yoanet... = 9, 
dm , Any, dng, diy _ 
a da, dat, u dat, uF dz, Y 
From the latter equation (‘‘ Messenger of Mathematics,” Vol. vili., 
pp. 107, &c.), we have . 


MERI) 
— —, = — OE 
My — "2. 13) 4 d (2, 2a, ey 2)’ 


and then the first two equations become 


Uae Vissees+| | == 0 
a 
da,’ 
dé, 
ey A 
dé, 

FU een 


(= 1,2). 


The é’s are found by a process indicated in the note above quoted, and 
give the values of w, u,, and 


Vi» Vig 








V91y Voe 

When v is greater than m+2k, we have more than one differential 
equation, and the 7’s have more than one subscript each. By treating 
these equations as described in a paper of mine, in the “ Proceedings”’ 
of the Society (Vol. x., pp. 55, &c.), we get precisely similar results. 
Starting with (I.), containing m+2k rows, we can express the y’s in 
terms of m+2k—1 functions &, of which m+k—1 agree with the wu’s 
and the rest depend upon the v’s, if a proper choice be made. In such 
cases we may form more than one set of és; and then our work is 
facilitated, since only the é’s common to all the sets can be w’s. To see 
how these different sets arise, consider the case of k=2. We havea 
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set of equations Yas 'i.<'| = 0, 
wh 
da,’ 
Yup 
d 


and eee 
dx, 


where 1=1, 2, &c. These give one set of first minors. Then there is 


another set Ung esis 
de 
da,’ 


Yory 
a 
da,’ 


which gives a different set of first minors, and consequently a different 
set of &s. And so on. 

Precisely the same process applies to the equations of Art. 7, with 
m-+2k—1 rows. 


9. It may be well to show that the conditions above written include, 
as a particular case, the known conditions for r=m (so that k=1). 
It is convenient to express these conditions in the form given by 
Boole, and it will only be necessary to take a particular example. 


d ad d 
Ae a a ee 
Let 1 de, Yis da, Ys daa, 


d d 
| ome da, 7 da, ?™ da, : 

then the necessary and sufficient conditions that 

Yis lt, + Yo, da, + devs, 

Yry ly + Yoy det, + det, 
should be an integrable system, are 

Aryis = AaYos, Ar Yrg = Ag Yoqe 

The conditions (I.) are 


Ys Ys 1, 0|=0, Yis1 Ys, 1, 0| =0, 
TYionideht iaks: Yu. Yu 0,. 1 
aaa a addaaa 
dx,’ day da, da, da,’ day’ das’ dz, 


Yin Yay +1, 220 Yu Yu 9, 1 
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which, upon development, are found to be identical with those written 
above. 


10. If, in (1.), wetake 2k=n—m-+1, 


the number of columns is less than the number of rows, and no con- 
dition is required to be satisfied by the y’s in order that the corres- 
ponding transformation may be possible. The value of rin this case 
is § (m-+n—1); and therefore, whatever the y’s may be, the system Y;, 
can be changed into a system V; with $(m+n—1) variables w. 
Should n—m be even, we may put 
2k =n—m+2; 

and the system Y can be changed into a system V with § (m+n) 
variables wu. In this case we are dealing with equations of condition 
like (V.), and therefore it is possible, in the system V, to make one of 
the determinants | v,;| constant, or, say, equal to unity. 


By putting m=1 we reproduce the known results for a single ex- 
pression Y. 


On a Formula of Elimination. By Prof. A. Caytny, F.R.S. 
[Read June 10th, 1880.] 


Consider the equations 


(ara 34030; 2) 5 =, 
CAO; 10: 


where a,..., A,... are functions of coordinates. ‘To fix the ideas, 
suppose that each of these coefficients is a linear function of the four 
coordinates 2, y, z,w. Then, eliminating 0, we obtain V=0, the 
equation of a surface; and (as is known) this surface has a nodal 
curve. 

It is easy to obtain the equations of the nodal curve in the case 
where one of the equations, say the second, is a quadric: the process 
is substantially the same, whatever may be the order of the other 
equation, and I take it to be a cubic; the two equations therefore are 


(a; b,c, a § @;1)*' =O, 
(A, B, OQ 8, 1)? = 0; 
giving rise to an equation 


Wem ale dni N el we aw ON ee 
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And it is required to perform the elimination so as to put in evidence 
the nodal line of this surface. 
Take 0,, 0, the roots of the second equation, or write 


(A, B, Cy 0, 1); ae A (0 —6,) (@— 6.) ; 


that is 0,40 =— 8, o4=5; 
then, if Sy (ee Bye Min pei be 

0. = 1.00, 0. 0 tal 
we have V = A’, 8, ; 


viz., on the right-hand side, replacing the symmetrical functions of 
6,, 0, by their values in terms of A, B, C, we have the expression of V 


in its known form V=@C*+ &e. 
Form now the expressions 0,—9®,, 0,0,—9,0,, 6; 0,—6; ©,, 63 6, —6° ®,, 


each divided by 6,—6,. These are evidently symmetrical functions of 
6,, 6,, the values being given by the successive lines of the expression 


( 0, th 0,+6,, 6? + 0,0,+6? ¥d, 3c, 3d, a); 
—l, 0, 0,9,, 0,0, (0,+0,) 
— (9, + 43), —6,6;, 0, Oe 0° 
—(8? + 0,6, + 8), —0,0,(0,+6,), —2®, 0 


and, consequently, these same quantities, each multiplied by A’, are given 
by the successive lines of 


( 0, A*, —2AB, —AC+4B' ¥ d, 30, 3b, a). 
SOF LEM IY) ORC hY a e291, 
DAR, &—-At 0. Oo 

AO—4B, 2B0, —O? 0 


Calling these X, Y, Z, W, that is, writing 
X = 34°c—6ABb+ (—AC+4B’) a, &e., . 
then X, Y, Z, W are the values of 
0,—O,, 0,0,—0,0,, 6; 0,—6? ©, 6° 0,— 6° O,, 
each multiplied by A® + (0,—9,); and the functions all four of them 


vanish if only ©; =0, 0, =0; or, what is the same thing, the equations 
X=0, Y=0, Z=0, W=0 constitute only a two-fold system. 


The functions CRED EEA & 
ly, Z, W| 


contain each of them the factor ©,0,, that is ¥; they, in fact, each of 
them vanish if ©, =0, and they also vanish if 0,=0; or, by a direct 
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substitution, we have 
A‘ 


XZ—Y* = 66, — (0,—6,)? 0,9,, =— A‘O,9,, 
XW-YZ=.. ” =7(8,—06,)° (0,+9,) 0; 0,,=— At 0,0, (9, + 05), 
YW-7 = , = (0,--0.)7070, 010,48. o == APO. 01 0 0s 

Or, what is the same thing, these are =— AV, 2BV, —CV, respec- 


tively ; thus the first equation is 
{3A°c—6ABb+(—AC+4B?) a} {2ABd—8A0c+ C’a} 
—(—A’d+3ACb—2BCa)? = — A (A*? +-&o.), = —AV ; 

and similarly for the other two equations. The nodal curve is thus 
given: by the twofold system X =0, Y=0, Z7=0, W=0. 

The method may be extended to the case where, instead of the 
quadric equation (A, B, C0, 1)?=0, we have an equation of any 
higher order, but the formule are less simple. 


Note on the Equation of the Two Planes which can be drawn 
through Two given Points to touch a Quadric. By H. M. 
Taytor, M.A. 

[Read June 10th, 1880.] 
If V=aae'+ by +ce2+d+ 2fyz+2g2u + 2hay + 2le + y+ 2nz = 0 
be the equation of a quadric ; and, in consequence, 
W, = 0 (aay thy + 92,41) +y (hay + by, +fertm) 
+2 (ga, tfyi + cz +n) + la +my,+na,+d = 0 

the equation of the polar plane of the point P, (#,y,2,) ; and if U, denote 

what U becomes when @,, y,, 2, are written for a, y, z respectively; and 


W,,2 denote what W, becomes when 2,, ¥,, 2, are written for a, y, 2 . 
respectively ; then it can be shewn that 


TRS C RI Meo Oe s Ge kes hha (1) 
Wi 0, Wis 
Wa Wa ets 


is the equation of the two planes which can be drawn through the two 
points P, (@,4;%), P, (#4222), to touch the quadric U= 0+ or, mm ether 
words, that G Wi,2 Wi,3 —— ab, Whe POR IP Sitt sey 9 9, 
Wyo U, W,3 
Wis Was Us 
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is the condition that the three points P, (#,y,2,), P, (@.Y3%s)) Ps (%sYs%s) 
lie on a tangent plane of the quadric. 
We may compare herewith the equation 


Ty | Wa'g)|\ = O\eesceconbeanos 0008p a 
Wi,2 U, 


which is the condition that the two points P,, P, lie on a tangent line 
of the quadric. 

If we write, in the last equation, (a, y, 2) (a, ¥,,%) Instead of 
(21, 1, 21) (%, Yo 2), We have the well-known theorem that the en- 
veloping cone drawn from the point P, to the quadric U=0 has for 


its equation UU,-— Ww? = 0. ccnsicaeseetpietalabale eileen 








If we draw an enveloping cone to this cone from the point P,, it 
will degenerate into two planes, and will in reality be the two tangent 
planes to the quadric U = 0 which pass through the two points P,, P3. 

The equation of the enveloping cone from the point P, to the quadric 
UU,—W; =0 will be 


(UU,-W;) (U,U,—W,,2) ae (W, T,—W,W,,2)"; 


or, after simplification, 


UU,U,—UW,,2.—U, W; — 0, Wi + 2W,W, Wi. = 0......(5), 
which may be written CO Wy PP ts 0, 
Wy UN eis 
WeoeWistis 


from which equation, by introducing a third suffix, we obtain the equa- 
tion (2), which is the condition that a tangent plane to the quadric 
passes through the three points P,, P,, Ps. 


Note by Professor Cayley. 


The equation (3) is known as a transformation of the equation 


% y% 4% 1/=9, 
® Yy % I 

ae Dee: Wie Se RSE ia F 

in) Wa, nil JUBin Foe Mt 

ge eRe? SAS A 

Lilet bee oN we) 


where (A, B, ...) are the inverse coefficients of the system (a, 8, ...). 
And similarly (but which is in fact more obvious), the equation (2) is 
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' a transformation of 

% y 4% %1/|=0. 
@y Ys % iI 
®, Ys % I 

Coe te 2 A GQ OG 

eer iae Yeuetly Hike 

We eieae Oye att 1) Oy LN: 

ite te eb Mee Ni med 


This last equation is, in fact, 


Glee Ulam cd my 
where a, (3, y, 6 are the coefficients of w, y, z, 1 in 
coeye so Lt Os 
1 ¥ 4 I 
By Yo % I 
% Ys % I 
viz., av+Py+yz+o6 = 0 is the equation of the plane through the three 


points ; and the condition that this may be a tangent plane thus pre- 
sents itself, in the first instance, in the foregoing form 


(A, ... La, B, y, 2 =0. 


On the Focal Oonics of a Bicircular Quartic. 
By Harry Hart, M.A. 
[Read June 10th, 1880.] 


It is a well-known theorem, that a bicircular quartic may be gene- 
rated in four different ways, as the envelope of a variable circle, whose 
centre moves along a given conic (the focal conic of the quartic), and 
cuts a given circle orthogonally. It has also been shewn that the com- 
mon self-reciprocal triangle of each fixed circle, and its corresponding 
focal conic, has for its angular points the centres of the other three 
fixed circles; 1.¢., if J, J;, J,, J; be the four fixed co-orthogonal circles, 
and F, F’,, F,, £, the corresponding focal conics, the triangle formed by 
joining the centres of J,, J,, J; is the common self-reciprocal triangle of 
the focal conic #' and the orthogonal circle J, &c. 

Let O, A, B, C be the centres of J, J;, Jy, J; respectively, O being 
that centre which lies within the acute-angled triangle formed by join- 


” 
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ing the other three, viz. A, B, C, so that J,, J,, J; are real and J is 
imaginary. 





Let z, y, be areal coordinates of a point, ABO , aa hg ier 
of reference; 


Bay Yas 24 7 me thesame point, OBC ,, 5 
Voy Yo % 2 ” ” ” ” AOC ” 
Lg, Ya Xs 9 99 ” 9 ABO 99 + 
these different coordinates being connected by the equations 
2, cot B cot C= 2 
y, cot C = z cot C—a cot Ar, &e. 
z, cot B = y cot B—x cot A 


Then we may write the equations*to the four fixed circles and their 
corresponding conics, 


J= #cotA+y’ cot B+2 cot C= 0 


J, = —2, cot A+y) tanB+zi tan = 0 (x) 
J,= wtanA—y>cotB+2tan0d=0( ~~ ” : 
J,= «etand+y; tan B—zi cot C = 0 


FEpet+qytr?Z=0 

Bene tay nO (Y). 
FP, = pr®, + py, + 12%, = 0 

P= psx, + sy; + 1%; = 


And if, for the point in question, (a, y, 2), (a, Yy) 21) (ey Yos 2a) (Aas Yas 2s) 
we write 8, 5, 8, 8, to denote the squares of the tangential distances 
from the four circles respectively ; and A, A,, A,, A, are the areas of the 
triangles of reference, it is easily proved that 


Spas BN id. 

&, = 2A, J, = 2AJ, cot B cot 0 
& = 2A,J, = 24 J, cot 0 cot A 
8, = 20,J, = 2Ad, cot A cot B 
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Substituting for ~,, y,, 2, their values given above, we have 
J, =—«a cot A+y; tan B+2 tan C0 
eh aaa ae cot B+ 2’ cot C—2zx cot A (o+y-+2)} tam tan, 
or J, cot B cot C = J—2z cot A (a+ y ye ee Wait ba 
thus we have Sea J, i/ 
= 2A { J—2 cot A (w+y+2)},{\ 
Ss, = 2A{J—2y cot B(at+y+z)}, \ 
8, = 2A { J—2z2 cot B(a+y+z)}; 
whence we obtain the identity 
s‘ cot B cot +s; cot Ccot A+s° cot A cot B= 8”... ..0.c0000 (ie) 
Let us now first find the equation to the quartic, considering it as 
the envelope of a circle whose centre is on / and which cuts J ortho- 
gonally. 
Let A, u, v be the coordinates of its centre, then its equation is easily 
seen tobe J—2(a+y+z) (Av cotA+pmycotB+rzcotC) = 0, 
which may be written As, + psy tvs, = 0; 
the envelope of this A, p, v, being connected by the equations 
pN+qetry? =0 } 
Mee hy a 


is found in the usual manner to be 
2 2 2 


ma ae zi ae fs Ce 
P q us 
If we considered the quartic generated in a similar manner from J, and 
D) Bae 2 
F,, its equation would be 9 = + at ay — ; 
ie Tt "\ 
or, in virtue of the identity (1i.), 
cot B cot 0 cot Ccot A , 1 tAcotB, 1 
ee a + 3 {Oe + — 0), 
Pi "Y hh 


Since this is the same equation as 


of Ly + 8; =< 0, 
P Y r 
we must have cot B cot C i 
: Pr P 
cot Coot A, 1 a3 
Pr ry q 
cot A cot B Ya ly cx cle 
Pi i 7 
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whence leis) poe ie ee 
Ris 11 Le P q li 


and p, = (p cot B cot C 
Se  COne 
“= aya . 
Pa sD catia 
, R 
where 


P=qcotC—reotB, Q=rcotA—pcotC, R=pceotB—qcotA. 


. i 
Thus F', may be written x} — Oct B y, + eer a= 





AP e - r a 

similarly fF, = Ter e+ y, — ee t= 

and FS ae a ee eee 2 = 0 
BP cop Oot ba. 4 


From the above definition of P, Q, R, it follows that 


Pp+Qq+Rhr=0 fs 
and P cot A+Q cot B+R cot C = 0 


and, since cot A, cot B, cot C are essentially positive quantities, P, Q, R 
cannot have the same sign. Without loss of generality, we may assume 
P and Q of like sign and positive, and consequently & negative. 

Then q is positive; for, if g be negative, p must be negative since H 
is so, and v must be negative since P is positive; thus p, g, r would be 
affected with the same sign, and # would be imaginary. Also, p is 
negative; for, if p were positive, r would have to be positive since Q is 
80, and again p, yg, r would be of the same sign. 

Thus P, Q, ¢ are positive, and h, p are negative. 

Let 6, 6,, 0,, 8; be the angles between the asymptotes of the four 
conics; then (Ferrers’ ‘‘ Trilinear Coordinates,” 2nd Hdit., Ex. 8, p. 98, 
altered for areal coordinates) we have 

qr+rp+pq 
(p sin? A+q sin? B+r sin’? C)? 


—A (qr+7p+pq) 
~ A(grtop+pp +++ —2QOR— IRP—2PQ’ 


tan? 96 = —4 sin’ A sin’? B sin?C 


—4 (qrt+rp+pq 

M? : 
M?+4(qrt+rp+pq) _ {2 sintXA+qsin?B+r aot 2 
M? M sin A sin B sin 0 J 


whence sin? @ = 


cos’) = 
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where M* = P?+Q°?+ R?—2QRkR—2RP—2PQ. 


In the same manner, we find 
Dente A, aint cost B Gos SONS Dials (ina 0 sea 
rN SE MITTS: (p, sin?.A+q, cos? B+7, cos’ 0)? 
—  4QR (qr+rp+pq) 
{Q(p+Q— (ptr)}” 
4Qh (gr+rp+pq) 
p 





sndeesin 0).—= 


US pie 
cos? 0, = Ve (p+) ze (ptr) ; : 
P 


and similar expressions for sin’ 0,, &c. 
Thus we have 
QR ihe PQ 


sin’ 0, = — +~sin’6, sin’0, = — = sin’ 6, sin’ 0, = — ra sin’ 6 ; 
and therefore, since ft is negative and P and Q positive, when @ is real, 
6, and 0, are so also, but 0; is imaginary; when @ is imaginary, 6,, 9, 
are so also, and 9, is real ; 1.e., of the four conics, three, viz. F, F,, Fy 
are ellipses, and the fourth Fis a hyperbola, or three are hyperbolas and 
the fourth an ellipse. In the case of a circular cubic, when the conics are 
parabolas, three of them, I’, F, F,, have their convextties in the same direc- 
tion, and are cut in real points by the fourth F, which has its convexity in 
the opposite direction. 


Of the two supplementary angles between the asymptotes of each of 
the four conics, let us choose 9, 6,, 8,, 8, to be those which satisfy the 


p sin? A+qsin® B+r sin’ 0 


aeons hes Msin A sin B sin 0 
ip ee ae AG Enel AG i 
pM 
cos 0, = — a we (q +P) 
cos 0, a eee (r+ q), 


then, since it may be shewn that 


[2 (qr trp +pq) cot A—{Q (p+q)—R(ptr)}]sin A sin B sin 0 
= p (p sin’ A+q sin’ B+r sin’ C), 


we have 2 (qr+rp+pq) cot A = pM (cos 6 —cos 6,) 
similarly 2 (qr+rp+pq) cot B = gM (cos 0@—cos Oy) 7 wseere-+- (ile) 5 
and 2 (qr+rp+pq) cot C = rM (cos 6—cos 6;) 

L 2 
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and hence also 2(qr+rp+pq) P = qrM (cos 0, —cos 65) 

2 (qrtrp+pq) Q = rpM (cos 0;—cos 9) ¢ « 

2 (qgr+rp+pq) Rk = pqM (cos 6,—cos 6) 
In the limit, when the hyperbolas become parabolas, gr+rp+pq = 9, 
and therefore 06, 0,, 9,, 0, = 0 together, or = ~ together. Hence we 
conclude, by the principle of continuity, that 30, $0,, 39,, 30, are the 
angles made by the asymptotes with the same common axis (transverse 
or conjugate) of the conics; and, these being confocal, we may put 

2 


cos 8—cos 0, = 2 (cos? 5 —cos* 2) =-—2 (sin? S—sin =) 


— 2 2 

= K(a’—a; ), &e., 
where @, Q;, @, a; are the lengths of the semi-transverse axes of the 
conics. 


Hence, writing 2’ in place of x cot A, &c., so that (2, y, z), &c. are 
now no longer areal coordinates, equations (X, Y) become 



































2 2 2 
Jee¢y7t+2=0, F=—* ! “=0 
it a — a, BFE ed 
We 2 1 
2 a5 2 
x. Yy Zz 
= ae aes 1 1 1 
J=eit+yi tz =), F= 2 Nt 3 = - a 
a, a a — a, a, a, 
2 2 2 + 
Z 
my ron 2 2 = 2 Ys 2 
I=ut+y+e=0, RES -+3 + ——- 
2 2 2 2 2 
Qs a, a a a, a, 
o 
2 2 2 
au Yy z 
ee ee — 3 3 3 
J, = 4; Ys aor 0, FE 2 2 2 2 2 7=9 


and the equation to the quartic may be written 


s? (cos 8—cos 0,) | s;(cos9—cos6,) | 8; (cos8—cos 63) _ 0 
cot A cot B cot O = 





or, in virtue of identity (.), 
$1 cos 0, s; Cos A, 8; Gos 0, 
cot A cot B cot B 


In the case of a circular cubic, the equations to the four confocal 








= s’ cos 0. 


parabolas become 


{ since ak, =e : Os. ultimately ei bs 
Bie dee 
and a—a, = }4 (1-1), &e., 


l, l,, l,, 1; being the latera recta } ; 
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i ge batt ogeed 
oF oe 1—I, sige di 
R y? yt 
r= : 1 —(0 
ee i amit ge 
qe? y; 22 
F — 2 2 2 — 0 
; ey ae 122] Be Sy 
FL, = sf + Ys Hash. ah 


Let &, n, ¢ be the coordinates of a point of intersection of J, and F,, 
OAB being the triangle of reference. Then 








¢2 
S m7 = 
ates eee ; 
9 3 
d ae g pP 7 
oa a oAae ON aap 
whence e = ui mil 


PootA Qcoot'B —F 

which shews that the points of intersection are real, since P, Q, and 
—f are positive. In a similar manner it may be seen that the other 
conics do not intersect their corresponding circles in real points. 
Thus, of the four conics, that which is different from the other three is the 
one that intersects tts correspondin g circle. 

Again, since p is —, and gis +, we see from equations (ii.) that 
cos @—cos 0, and cos 6—cos 8, are of opposite signs, and that therefore 
cos 0,, cos 8, cos #, are in order of magnitude, 7%.e., the conic I which 
corresponds to the imaginary circle J always lies between the two conics LP, 
and F, which are of the same spectes. 

The coordinates of the centre of 








Fi=v? -— ut : ie Some EE 0 
St ae:! ages Tete beat. 
are evidently fy — enn’ ys f cot C pay 
where ale — 1 Wot B, Reot C. 
lp 4 ay 


the result obtained by substituting these values in F, is 


A= SE = 


= ey {qr+rp+pq} cot B cot C, 
q 
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The coordinates of the centre of J, = 0 are tan B tan 0, —cot A tan C, 
—cot A tan B; substituting these values in F,, we have 


f, = tan’ B tan’ OR cot? A tan B tan? C shes cot? A tan’ B tan C 





= {142-4 > cot A } tan B tan 0. 


Qk 
2 
Similarly IPS = {qr+rp+py} cot CO cot A, 
mi R=P ) 
and h= j14e qcot.B ¢ tan Otan 4, 


since p is — and q is +, f,, f, are both positive, but f,, f, are of opposite 
signs. Thus one circle is internal to (that is, on the same side of the 
conics as the foci), and the other external to, its corresponding conic ; 
and, since these circles intersect in real points, it follows that of the three 
conics, that one which is external to the other two is also external to, and en-= 
closes, ils corresponding circle (which circle also might be shewn to be the one 
which encloses one of the ovals of the quartic) ; and that conic which its n- 
ternal to the other two is external to, but does not enclose, its corresponding 
circle. 

F, is within or without F,, according as r is negative or positive. 

Let us now take for our triangle of reference that formed by joining 
any three of the points of intersection of J; and F’;. Then, é, n, € being 
areal coordinates, the equations to the circumscribing conic and circle 


are respectively P= eta = 0 
” 
2 b? oe : 
J,=—+— +5 =0 
age) ween 


a, b, c being the sides of the triangle of reference. Also, let p, 7, 7 be 
vectorial coordinates of any point, the angular points of the above tri- 
angle being the three fixed point circles; then the equation to a 
generating circle, the coordinates of its centre being é, n, ¢, 1s, since it 


cuts J, orthogonally, Eo? +o? +Z7? = 0, 
and the envelope of this, , 7, ¢ being connected by the equations 

Te At ee 

Fae gas 

Eé+n+f0 =1 
is found in the usual manner to be 

+p/Ltic/Mt7/N =), 

or +lp+mot nz = 0; 


l, m, n being positive quantities. 
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This equation represents the four ovals (two real, two imaginary) of 
the quartic. (‘‘ Proceedings” of the London Mathematical Society, 
Vol. IL., pp. 40, 41, where it is further shewn by Prof. Crofton that 
“if any one of the multipliers J, m, m exceeds the sum ofthe other two, 
one of the ovals is within the other. If each multiplier is less than 
the sum of the other two, the ovals are external to each other.’’) 

That is, the ovals are external to each other or not, according as 


—lim+n, l—mt+n, l+m—n, 
are all positive, or one of them negative, 7.e., according as 
(—l+m-+n) (L—-m+n) (l+m—n), 
or (I+m+n) (—l+m+n) l—m+n) l+m—n), 
or min? + 9722? + 202m? —Yt— mi —n*, 
is positive or negative. 
But, replacing L, M, N by [, m’, x’ respectively, the equation to F, 
is Png tnrge+ven = 0, 
and this is an ellipse or hyperbola according as 
Om n? + 207? + 2P mm? — tt —m*—nik 
is positive or negative. 


Hence we see that the ovals are external to each other or not, according 
as the conic which meets its corresponding circle is an ellipse or hyperbola. 


On the Transformation of Elliptic Functions.* 
By Prof. Fenix Kunin, of Leipzic. 


In a series of papers which have appeared in the 14th and 1dth 
volumes of the “ Mathematische Annalen,” I have investigated the 
transformations of the orders 5,7, and 11 by a new method: finding 
in the first place, by geometrico-algebraical considerations, what are 
the magnitudes which in the several cases in question ought to be 
considered as the fuadamental irrationalities. I will, as is most simple, 
express the results at once in the homogeneous form. ‘There are, for 
n=0, 7, and 11, the ratios of 2, 3, and 5 magnitudes respectively, 
which are to be considered. Tor »=5 the two magnitudes , n, are 


* A Note offered by Dr. Klein to the Society, and accepted by the Council; the 
Secretaries are indebted to Prof. Cayley for the English translation. 
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naturally independent* ; for »=7 there is between the three magni- 
tudes A, p, v a single biquadratic relation 

Mutuwyv+rr = 0; 


for n=11 there are between the five magnitudes ¥,, 4 Ys) Yor Ys» in all 
15 relations, which are (in this case also) biquadratic. They are obtained 
by equating to zero the several first minors of the Hessian determinant of 


f= Vi Yo HF ViYs tsi + Ysa t Ye Ys 


I ' ad as yet put all this only into an indirect relation with the ordinary 
theory of the doubly-periodic functions. But this relation is, as I 
lately found, an extremely simple one.t The ratios in question are 
nothing else than certain division-values of the Jacobian H-function 


H ex a) = 2q' sin x IL (L—g*) (1— 2g” cos 22+ q*”). 
Tv vol 


For, putting for any odd value of n 
¢, = (—)*q" H(2aiK’, q"), a= ({l, 2, ... (n—1)}, 
then, in the first place, a — Me a 


and there are thus only 2 (n—1) values. These 4 (n—1) magnitudes 
are precisely those which I have used for the cases n=65, 7, 11 re- 
spectively. And in fact, for n = 5, 


Le LIS 
ray. 
"9 hg 
for n= 7, A ye eee eee 


enactor ta Ll) 93.4) 32 Ale 2.8 2 te ane whos Gs ag meus 


Two things are, I hope, herein accomplished. First, my investigations 
for the cases 5, 7, 11 are rendered much more accessible than they 
were before. Next, the way is shown how to extend my investigations 
to the case of any larger value of 1 whatever. 


ERLANGEN, Oct. 5, 1880. 





* The quotient ™ is what I have called the Icosahedron-irrationality. 


Ng 
+ I connected therewith considerations which are explained in a general manner 
in a Note presented the 3rd July, 1880, to the Munich Academy, and which is 
printed in the ‘*‘ Mathematische Annalen,’’ t. xvii., pp. 183—188, and which after- 
waids M. Bianchi, in his paper in the same volume, pp. 284—262, has developed for 
the cases » = 3 and 5. ‘The expression obtained by M. Bianchi for the icosahe- 
drou-irrationality differs in form ouly irom that given here in the text. 
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The following presents were made to the Society’s Library during 
the recess :— 

“Ueber dreipunktige Berithrung von Curven,” Dr. H. Schubert 
(‘Nachrichten von der kénigl. Gesellschaft der Wissenschaften .... 
zu Gottingen,” 23 Juni, 1880.) 

‘“‘T] Binomio di Newton,” per Ignazio Cameletti; Genova, 1880. 

“Tl Caleolo delle Differenze Finite interpretate ed accresciuto di nuovi 
teoremi a sussidio principalmente delle odierne ricerche basate sulla 
variabilita complessa,’’ Memoria del Prof. F. Casorati (from ‘ Annali di 
Matematica,” Tomo x°, pp. 10—438). 

“Bulletin de la Société Mathématique de France,’ Tome vii., No. 5; 
Paris, 1880. 

“ Atti. ... dei Lincei,’’ Serie terza; “ Transunti,’’ Fasc. 6° (Maggio), 
Fase. 7° (Giugno), 1880, Vol. iv.; Roma, 1880. 

“ Bulletin des Sciences Mathématiques et Astronomiques,” Tome iv., 
Janvier, Février, Avril, Mai, 1880; and “ Table des Matiéres et Noms 
d’Auteurs,”’ 2° Série, Tome iii., 1879. 

‘‘ Account of the Operations of the Great Trigonometrical Survey,” 
Vol. v.— Details of the Pendulum Operations,” by Captains J. P. 
Basevi, R.E., and W. J. Heaviside, R.E., and of their reduction ; 
Calcutta, 1879: from the India Office. 

“‘ Mémoires de la Société des Sciences Physiques et Naturelles de 
Bordeaux,”’ 2° Série, Tome iii., 2° cahier, 3° cahier; Paris. 

“‘ Applicazione dei Principii della Meccanica Analytica a Problemi,”’ 
Note di Alessandro Dorna, v.; Torino, 1879: from the Meteorological 
Society. 

‘American Journal of Mathematics,” Vol. iii., No. i., March (re- 
ceived September), 1880. 

‘“‘ Annali di Matematica pura ed applicata,’”’ Serie 2*, Tomo x, Fasc. 
1° (Luglio, 1880). 

“Proceedings of the Royal Society,” Vol. xxx., Nos. 204, 200; 
Vol. xxxi., No. 206. 

“ Journal of the Institute of Actuaries and Assurance Magazine,” 
Newox., April; cxx., July; Vol. xxii, Pts. iii, iv.;. 1880- 

“‘ Hducational Times,’ July—November, 1880. 

‘“*Monatsbericht,” April, Mai, Juli, 1880. 

*““Crelle,’ 89 Band, 3° Heft, 4° Heft; 90 Band, 1° Heft; Berlin, 
1880. 

“ A Quincuncial Projection of the Sphere,” C. S. Peirce. ‘On the 
Ghosts in Rutherford’s Diffraction-Spectra,’ C. 8. Peirce. (Both 
extracted from ‘American Journal of Mathematics,” Vol. ii., 1879.) 

“Sur la valeur de la Pesanteur a Paris,” C. 8. Peirce (from ‘‘ Comptes 
Rendus’’), 

“La Surface de ?Oude considé:ée comme Surface Limite,’ and 
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“ Nouvelle Génération de la Surface de l’Onde, et Constructions di- 
verses,” par M. Mannheim (from ‘ Comptes Rendus”’). 

“United States Coast Survey—Methods aud Results. Measurements 
of Gravity at Initial Stations in America and Europe,” Appendix No. 
15, Report of 1876; Washington, 1879. 

“United States Coast Survey—Methods and Results. Note on 
the Theory of the Economy of Research.”? Appendix No. 14, Report 
of 1876. (Both with C. 8S. Peirce’s compliments.) 

‘“‘Cambridge University Reporter,” No. 343, June 22nd, 1880. 
(Report of Library Syndicate.) 

“ Beiblatter zu den Annalen der Physik und Chemie, Band iy., 
Stiick 6, Nos. 6, 8, 9,10; 1880. 

Lacroix, ‘ Traité du Calcul Différentiel et du Calcul Intéeral,” Se- 
conde Edition; Paris, Tome 1°, 1810; Tome 2°, 1814; Tome 3°, 1819. 

Lagrange, ‘ Théorie des Fonctions analytiques,’’ Nouvelle édition ; 
Paris, 1813. 

Lagrange, ‘“Traité de la résolution des Equations numériques de 
tous les degrés,’’ Nouvelle édition ; Paris, 1808. 

Laplace, “‘ Théorie analytique des Probabilités” ; Paris, 1812. 

(The above four works presented by Dr. Spottiswoode, Pres. R. 8.) 

“Annual Report of the Board of Regents of the Smithsonian Insti- 
tution,” 1878; Washington, 1879. 

“Ueber unendlich viele Normalformen des elliptischen Integrals 
erster Gattung” (Juli, 1880), and “Zur Theorie der elliptischen 
Modulfunctionen”’ (Dec., 1879); both by Dr. F. Klein, from the 
“ Sitzungsberichte der Miinchener Akademie.” 

“ Jabrbuch tiber die Fortschritte der Mathematik,” zehnter Band, 
Jahrgang 1878, Heft 2; Berlin, 1880. 

“Report to the Trustees of the ‘James Lick Trust’ of observations 
made on Mount Hamilton with reference to the location of Lick. 
Observatory,” by S. W. Burnham; Chicago, 1880. 

“‘ Mathematical Reprint from the Educational Times,” Vol. xxxiii. : 
from the Publishers. 

“Scientific Proceedings of the Royal Dublin Society,” Vol. 1. (New 
Series), Pt. i. (Nov. 1877), Pt. ii. (May, 1878); Vol. 1, Pt. i. (Oct. 
1878); Vol. i., Pt. iii. (Nov. 1878) ; Vol. ii., Pt. ii. (May, 1878), Pt. iii. 
(Jan. 1879), Pt.iv. (Jan. 1880), Pt. v. (April, 1880), Pt. vi. (July, 1380). 

“Scientific Transactions of the Royal Dublin Society,” Vol. i. (New 
Series), “ Memoirs,”’ Nos. 1, 2 (Nov. 1877); No. 8 (May, 1878) ; Nos. 
4, 5 (Oct. 1878) ; Nos. 6, 7 (Nov. 1878); No. 8 (Dec. 1878); No. 9 
(Feb. 1879) ; No. 10 (Feb. 1880) ; Nos. 11, 12 (May, 1880); Vol. i1, 
No. 1 (Aug. 1879); Vol. ii. (Series ii.) No. 1 (Jan. 1880). 

“Catalogue of Scientific Papers” (1864—1873), Vol. viii.; London, 
1879: from the Royal Society. 
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“ Traité de Géométrie supérieure,” par M. Chasles, 2° édition ; Paris, 
1880: from M. Chasles. 

“ Analytische Geometrie des Raumes von George Salmon,” Deutsch 
bearbeitet von Dr. Wilhelm Fiedler, 1° Theil, 2° Theil : from Dr. Fiedler. 

“ Catalogue of the Library of the United States Naval Observatory, 
Washington,” Pt. i. Astronomical Bibliography, by Prof. E. S. Holden, 
U.S.N.; Washington, 1879. 

“Washington Astronomical Observations for 1876,” Appendix i., 
a Subject Index to the publications of the United States Naval Obser- 
vatory, 1845—1875, by Prof. H. 8. Holden, U.S.N.; Washington, 1879. 

“The Geometric Mean in Vital and Social Statistics,’ by F. Galton, 
F.R.S.; and “The Law of the Geometric Mean,” by D. McAlister 
(from “ Proceedings of Royal Society,” No. 198, not previously 
acknowledged). 

“ Hxposé historique concernant le cours de Machines dans l’enseigne- 
ment de l’Heole Polytechnique” (M. Chasles, Aug. 15th, 1880). 

“On the Complexes generated by two Correlative Planes,’ by Dr. 
T. A. Hirst, F.R.S. 

“A Synopsis of Hlementary Results in Pure and Applied Mathe- 
matics,” by G. 8. Carr, B.A., Vol. i.; London, 1880. 

“The Physical Society of London—Proceedings,” Vol. iii., Pt. iv., 
March—July, 1880. 

“Htude Géométrique sur les Percussions et le Choc du Corps,” par 
M. G. Darboux (Extrait, “ Bulletin des Sciences Math. et. Ast.,”” Tome 
iv., 1880). 

“Journal de l’Ecole Polytechnique,” publié par le Conseil d’Instruc- 
tion de cet Etablissement, 47° cahier, Tome xxviii.; Paris, 1880. 

“ Proceedings of the Royal Irish Academy”: ‘“ Polite Literature and 
Antiquities,” Vol. ii., Series ii., Nov. 1879, No. 1; “ Science,” Vol. ii., 
Series ii., April, 1880, No. 4. 

“Transactions of the Royal Irish Academy,” Vol. xxvi.: “Science,” 
xxu., Nov.1879. Vol. i. “Irish MSS. Series,” Pt.i., June, 1880. 

Royal Irish Academy: ‘“ Cunningham Memoirs,” No. 1, “ On Cubic 
Transformations,” by J. Casey, F.R.S.; Dublin, 1880. “ 

‘““Memorie della Regia Accademia di Scienze, Lettere ed Arti, in 
Modena,” Tomo xix.; Modena, 1879. 
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In No. 556, Nature (Vol. 22, p. 170, June 24th, 1880), is an explana- 
tion by Mr. Frankland of Mr. Monro’s difficulty in the light of Prof. 
Newcomb’s Paper, “ Elementary Theorems relating to the Geometry 
of a Space of Three Dimensions, and of Uniform Positive Curvature 
in the Fourth Dimension” (cf. Proceedings, Vol. viii., pp. 309, 310, 
and note). A rejoinder from Mr. Monro appeared in No. 558 of the 
same journal (p. 218, July 8th). 


A Paper, on a subject allied to the above, by Ettore Ricordi, in the 
Giornale di Matematiche (Vol. xviil., pp. 255, 256), is entitled “ I circoli 
nella Geometria non-Huclidea.”’ 


The expression for the surface of an ellipsoid first given by Prof. 
Tait, and communicated by Prof. Cayley to the Society (Proceedings, 
Vol. ix., p. 40), is obtained in a Paper by Mr. R. R. Webb, ‘ Some 
Applications of a Theorem in Solid Geometry” (Messenger of Mathe- 
matics, Vol. 1x., p. 173, 1880). 


I have been requested by Dr. Zeuthen to include in the present 
Appendix the following remarks on his paper, “ Déduction de 
différents Théorémes Géométriques d’un seul Principe Algébrique” :— 

Le premier des “ théorémes géometriques déduits d’un seul principe » 
algébrique,” dans mon article a la p. 196 du Vol. x. des Proceedings, a 
été démontré antérieurement par M. Halphen a la p. 168 du Vol. ix. 
des Proceedings. 

Le méme savant géométre, qui s’est occupé aussi, sans rien publier, 
du principe algébrique, et qui m’en a communiqué deux démonstrations 
algébriques, m’a fait observer aussi qu’ a-cOté de ses applications 
géométriques il en existe une application analytique intéressante. 
Euler a montré que dans le cas ot une équation de second degré en 
w et en y, séparément, 


Av’+2Bae+0 = Ay’+2By+C' =0 


a lieu, on a aussi |’équation suivante 
| SPURL: ONDER air Fe 
VBA [ /B—AO 


Le principe algébrique montre que l’une de ces intégrales elliptiques 
peut tre déduite de autre par une substitution linéaire. Si, récipro- 
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quement, on déduit ce dernier Théoréme de la Théorie des intégrales 
elliptiques, il fournirait une nouvelle démonstration du principe algé- 
brique (de méme que chacune des applications géométriques en fournit 
une). Hn tant cas le principe montre la connexion de ce théoréme 
analytique et des differents applications géométriques. 


“Cubic Determinants ”’ (p. 17) are discussed in chapter vii. of Mr. 
Scott’s “ Treatise on the Theory of Determinants and their applications 
in Analysis and Geometry.” This book has a very useful “ List of 
Memoirs and Works relating to Determinants.” 


Prof. Cayley’s paper on Prof. Clifford’s “ Theory of Distances ”’ is 
printed in Prof. Clifford’s Mathematical Papers, pp. 123—131. 

Signor Brioschi writes, that some of the results obtained by Sir 
James Cockle (pp. 123—131), have been given in Memoirs by MM. 
Hermite, Fiiss, and Brioschi, but he has not forwarded the references. 


I have received the following Note from the Author on the paper 
just referred to :— 


In July last (1879), my brother, Dr. John Cockle, gave me Du 
Bourguet’s work on the Calculus (Paris, 1810 and 1811, 2 vols., 4to). 
I then first became aware that Du Bourguet had (at pp. 75, 76 of 
vol. ii.) an article* containing a statement, illustrated by two examples, 
to the effect that = a constant, say = c, may be a single solution, 
in 2, y, 2, of an unintegrable ternary. Multiplication into a variable 
factor, say /3, will give the new ternary, which results from the multi- 
plication, a new discriminoid, say O' (=). Now a given ternary 
may admit of a Du Bourguet solution  =c, but, except in the 
particular cases c = 0 and c = ©, the new ternary will not do so; for 
its solution is O’= c/s” = a variable function. Hence, if the given ter- 
nary be that whose discriminoid is 0’, it would be vain, save in the 
excepted cases, to seek a Du Bourguet solution, and recourse must be 
had to other considerations (as to which see my paper ‘‘ On Differential 
Equations,” d&c., Proceedings London Mathematical Society, Vol. x., 
pp. 105—120). 


The Note which Mr. Merrifield read (pp. 45—47) simply gives some 
symmetrical cases of the orthogonal transformation, of a much more 
general character (but unsymmetrical) given by Prof. Cayley, and 
reproduced in Salmon’s Higher Algebra (8rd edition, p. 39). The 





* T have given a bibliography of Du Bourguet’s work in ‘‘ Notes and Queries ”’ 
(5th Series, Vol. xii., pp. 182, 183), and a translation, of the article, in the “ Man- 
chester Proceedings’’ (Vol. xix., pp. 9, 10). 
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symmetrical form may be obtained from the one there given by writing 


ih r 
Rares Was => A= 


and then putting k=0. We thus get for the determinant the sym- 


metrical form | a?—b?—c’, a0 eae 2ca 
2ab , —a+0?—e’, 2be : 
Dede a 2be », —v?—B+e 


the value of which is 7°, and the sum of the terms on the leading 
diagonal = — 7, where r= a’?+b’+c’. The terms of this determinant 
will be integral, if a, b, c are either integral, or of the form integer Z,/2, 
or indeed if they contain any common factor entering under the square 
root only. 

It has been shown by Legendre and Gauss that every integer, or its 
double, is the sum of three squares. It follows that an orthogonal 
transformation of the above symmetrical character can be found for 
every whole number7. The transformation is, however, nugatory for 
certain low values of 7. 

The symmetrical transformation means a turn of two right angles 
about an axis whose direction cosines are proportional to a, b,c. That 
is to say, if a cube be taken, with the axes for edges, and these of 
rational length in a cubical system, it is always possible to find one or 
more axes, inclined to the coordinate axes, such that, if we turn the 
cube about them through two right angles, its points will still rest on 
points of the system. 


INDEX. 


INDEX OF PAPERS, &c. 


[The mark * indicates that the Paper has either been printed in extenso, or an abstract 
of it given in the Proceedings or the Appendix. | 
Cay ey, A., F.R.S. | 
*On the Binomial Equation x? —1 = 0; Trisection and Quartisection, pp. 4—-17. 
*A Theorem in Spherical ‘Trigonometry, pp. 48—40. 
Remarks upon a posthumous Paper of Prof. Clifford’s, “ On the Theory of Dis- 
tances,” p. 47.* 
On a Class of Analytical Problems, p. 121. 
*On a Formula of Elimination, pp. 189—141. 
Cock1LE, Sir JAMES, F.R.S. 
*On a Binomial Biordinal and the Constants of its Complete Solution, 
pp. 123—131, 167. 
Craia, T. 


On Steady Motion and Vortex Motion in an Incompressible Viscous Fluid, 
p- 91. 


GLAISHER, J. W. L., F.R.S. 


*Note on a Method of obtaining the qg-Formula for the Sine-amplitude in 
Elliptic Functions, pp. 45—47. 


GREENHILL, A. G., M.A. 


*The Application of Elliptic Coordinates and Lagrange’s Equations of Motion 
to Euler’s Problem of Two Centres of Force, pp. 104—108. 


Grirritus, J., M.A. 


*Notes—(1) On a Geometrical Form of Landen’s Theorem with regard to @ 
Hyperbolic Arc ; (2) on a Class of Closed Curves whose Arcs possess the 
same property as two Fagnanian Arcs of an Ellipse, pp. 87—91. 


Hammonn, J., M.A. 


Expression for the Complementary Function in Fractional Differentiation, 
p. 47. 


Hart, Harry, M.A. 
*On the Focal Conics of a Bicircular Quartic, pp. 148—151, 
ifmarT, cL. A., F.R.S. 
On Cremonian Congruences, p. 121. 
Kempr, A. B., B.A. 
A Property of a Linkage, p. 44. 





* Prof. Cliffurd’s Mathematical Papers, pp. 128—131. 
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Kuen, Fetrx, of Leipsic. 
*On the Transformation of Elliptic Functions, pp. 151, 152. 


McCott, Huan, B.A. 

*The Calculus of Equivalent Statements (Fourth Paper), pp. 113—121. 
Mernririeip, C. W., F.R.S. 

*Note on a Numerical Theorem connected with the Cubical Division of Space, 

pp. 157, 188. 
Mincurn, G. M., M.A. 
On some Statical and Kinematical Theorems, p. 121. 

Ray eicH, Lorp, F.R.S. 


*On Reflection of Vibrations at the Confines of two Media between which the 
Transition is Gradual, pp. 51—66. 


*On the Stability, or Instability, of certain Fluid Motions, pp. 67—70. 
Roperts, SAMUEL, F.R.S. 


*Note on a Problem of Fibonacci’s, pp. 35—44. 


*Note on the Integral Solution of #?—2Py? =—2*? or +22? in certain cases, 
pp. 83—87. 


Rovurn, E. J., F.R.S. 
*On Functions analogous to Laplace’s Functions, pp. 92—102. 
Scorr, R. F., M.A. 


*On Cubic Determinants and other Determinants of Higher Class, and on 
Determinants of Alternate Numbers, pp. 17—29. 


Suarp, W. J. Curran, M.A. 

On the Equilibrium of Cords and Beams in Certain Cases, p. 91. 

On the Theory of the Focal Distances of Points on Plane Curves, p. 122. 
Smitu, H. J. 8., F.R.S. 

Geometrical Notes (3), p. 50. 


Tanner, H. W. Luoyp, M.A. 


*Notes on a General Method of Solving Partial Differential Equations of the 
First Order with several Dependent Variables, pp. 72—83. 


*Preliminary Note on a Generalization of Pfaff’s Problem, pp. 131—139. 
Taytor, H. M., M.A. 


*Note on the Equation of the Two Planes which can be drawn through two 
given points to touch a Quadric, pp. 141—143. 


Terry, T. R., M.A. 
*Notes on a Class of Definite Integrals, pp. 29—36. 
WALKER, J. J., M.A. 
Notes on Curvature, p. 45. 
*Theorems in the Calculus of Operations, pp. 108—113. 
Wo.LsTENHOLME, Rev. J., M.A. 


*A Form of the Equations determining the Foci and Directrices of a Conic 
whose Equation in Cartesian Coordinates is given, pp. 102—104. 


ZEUTHEN, Dr. H. G. 
*Note to “ Théorémes Géométriques” (Vol. X.; p. 196), pp. 156, 157. 
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